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Ducted Fan Design Theory 


By C. G. VAN NIEKERK,' PRETORIA, UNION OF SOUTH AFRICA 


A theory is outlined by means of which it is possible to design 
ducted fans directly and without having to choose any parameters 
in an arbitrary fashion. Optimum sizes and fan speeds are 
theoretically determined. The design of two fans, one having 
inlet guide vanes and the other of the low slip-stream-rotation 
type having NPL straighteners and often used in wind tunnels, 
are considered by way of example. While achieving a considera- 
ble degree of rationality, the theory introduces a concept of 
annulus efficiency that is still of an empirical nature. The em- 
piricism is due to a present lack of knowledge about three- 
dimensional fan losses, and suggests further investigation. 


Nomenclature 


Tue following nomenclature is used in the paper: 
area of fan annulus = a(R? — r,?) 
lift coefficient 
drag coefficient 
chord 
defined by Equation [7] 
defined by Equation [8] 
rotational speed 
theoretical total pressure rise 
effective total pressure rise 
torque 
tip radius 
radius 
hub radius 
thrust 
axial velocity 
volumetric flow 
incidence 
are tan Cp/C,g 
swirl coefficient defined by Equation 42] 
swirl coefficient defined by Equation [23] 
number of blades 
fan efficiency 
annulus efficiency 
blade-element efficiency 
blade angle 
hub-tip ratio = 79/R 
pressure coefficient 
air density 
charactcristic number 
6—a 
guide-vane air-exit angle 
flow coefficient 
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Q = angular velocity of fan 


. — ) ! 
@, = angilar velo 


@® = angular 


Subscripts 


ity of swirl imparted by guide 


velocity of swirl behind fan rotor 


av 
} 
m = optimum vaiue 


0 = hub value 


Introduction 

\ study of some existing fan design theories (1-5)? has indi- 
cated the need for further analytical development to achieve 
greater simplicity of the design procedure and to eliminate the 
isual necessity of having to assume several fan parameters with- 
out being able to assess their influence on fan efficiency in a ra- 
tional way. Therefore a new theory has been evolved that will 
enable fans to be designed for optimum values of all parameters, 
without having to resort to laborious methods of calculation 

In its present form the theory is, in common with most other 
theories, limited to the case where the pressure rise and the axial 
air velocity are considered constant over the fan annulus. How- 
ever, it seems possible to extend the analysis so as to make it 
The theory 
is further confined to the use of single airfoil data, but here again 
it is extensible. Of interest in this connection is the way in which 
Wallis (1) incorporates compressor-cascade data into a fan design 


applicable in instances where these quantities vary. 


theory. 

Apart from these limitations, the theory enables optimum fan 
parameters to be established which otherwise would have to be 
chosen somewhat arbitrarily. This part of the analysis is not 
exact, but depends, for instance, on the degree of accuracy with 
which certain losses, here termed annulus losses, can be esti- 
mated. However, when deciding on fan sizes and fan speeds, 
even the results of a poor estimate are preferable to those obtained 
by ignoring the effect of these losses altogether. Other inac- 
curacies in this part of the analysis are introduced as a result of 
certain assumptions that have to be made, but, since their impli- 
cations are best understood in proper context, these assumptions 
are only listed later in the paper. 

Having served to establish the most suitable main parameters 
of a fan, the theory further enables the direct calculation of blade 
solidities and blade angles. This is accomplished by using a basic 
equation which is but slightly affected by large errors in the only 
estimated variable that it contains. 


Fan With Inlet Guide Vanes 

Performance Coefficients. A fan usually needs to be designed for 
specified conditions of pressure rise and volumetric flow, all other 
factors being governed by considerations of efficiency and 
economy. 

The volumetric flow V and the effective total pressure rise p, 
may be expressed conveniently in terms of the dimensionless co- 
efficients 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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where y is the flow coefficient, £ the pressure coefficient, and where 
A is the area of the fan annulus, R the blade-tip radius, p the air 
density, and Q the angular velocity of the fan. 

By using the well-known fan laws (6) relating the flow, pressure 
and diameters of geometrically similar fans, it may be shown 


that 
p \"" 
vn ( ) N = const 
P. 


or, in terms of W and &, that 


yp ; 
ay, (i - \? = const 
s 
where N is the rotational speed and A the hub-tip ratio; i.e., A = 
ro/R, where ro is the hub radius. 
The characteristic number o of a fan is then defined as 


va aAye 


is ra 


o = 0.035V" ( °.) N [4] 
D, 


where N is expressed in rpm, V in cu ft per sec, p, in psf, and p in 
slugs per cu ft. Also, the theory assumes the fan to operate in a 
parallel annulus, so that the total pressure rise and the static pres- 
sure rise will be the same. 

Strip Theory. The inlet guide vanes produce a swirl that is re- 
moved by the rotor, so that the exit flow from the fan is axial. 
This case is represented by the velocity diagram in Fig. 1. 

Defining the lift coefficient of the rotor-blade element in terms 
of the mean relative velocity (1, 5), the strip-theory equations 
may be written as follows (2, 4) 


d 1 
a 2 pzcw*G cot > 


dQ 


zcu°*Hr cot @ 
Ss 


Cr Cp C, cos (@ + Y) 


sin @ cos } sin @ cos @ cos Y 


Cc Cp C, sin (@ + ¥) 
a Dis shi te caer 
cos @ sin @ sin @ cos ¢ cos y 


Cp 


tan y = 
Cz 


@¢=60-a 


dT 1 
—— = 2nr (nv + 4 ps) [11] 


dr 


where 7’, Q, r, z,c u, Cy, Cp, 9, a, P, M, and w, are, respectively, 
the thrust, torque, radius, number of blades, chord, axia! velocity, 
lift coefficient, drag coefficient, blade angle, incidence, theoretical 
total pressure rise, blade-element efficiency, and angular velocity 
of swirl imparted by the guide vanes. 
By momentum theory 

dQ 2nr 

— = zpuw ys — 

dr > * 


By equating work output and input 
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(2mrpu)dr = (2erpuwrQr)dr 
p = pQra,r [13] 


Combining Equations [11], [12], and [13] with Equations [5] 
to [8] yields an equation for blade-element efficiency that also has 
been derived in different forms by Wallis (1), Patterson (3), and 
Keller (5); namely 


[14] 
Also, from Fig. 1 


tan @ = 


tu 
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Fig. 1 Velocity diagram for fan with inlet guide vanes 


Further, from Equations [5], [7], and [11], and using Equations 


[13] and [14] 

zcC 2w,r si 

cl, = oT in @ 116] 
2mr u(l + cot @ tan y) ; 


Finally, by using Equation [15], Equation [14] may be written 


in the form 


Fan Losses. By considering the fan losses it is possible to derive 
equations that may be used to obtain the most suitable fan de- 
sign for any specified duty. For the purposes of this paper the 
analysis may be simplified by introducing the assumption of con- 
stant axial velocity and constant pressure rise over the fan an- 


nulus. Equation [1] may then be written 


u 


118) 
OR (18) 


and, since the sum of all the fan losses reduces the theoretical total 
pressure rise p, introduced in Equation [11], to the effective 
total preseure rise p, of Equation [2], we may also write 


P. = 1p (19] 


where 7 is the over-all fan efficiency. 

The total losses are mainly made up of blade profile drag losses, 
stator losses, and diffuser losses. Instead of lumping all these to- 
gether, it is desirable to separate the group of losses that do not 
depend upon the direct action of the fan blades as such, but that 
occur as a result of friction and flow separation in the annular duct 
containing the fan. Writing then 
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Pp, = p — annulus losses — blade losses 


the term ‘‘blade losses 
blade-element efficiency as given by Equation [14] 


’ will, in the conventional way, involve the 
The term 
“‘annulus losses’’ will be associated with losses in the stator vanes, 
over the annular surfaces of the fan casing, and in the diffuser con- 
taining the tail fairing. 

If the hub-tip ratio is not considered as a dependent variable, 
but held constant at different values, then the concept of an an- 
nulus efficiency 7, May be introduced in such a way that for any 
fan having a particular hub-tip ratio we may write 


[20] 


where (1 ”, is the average blade-loss coefficient over the 
annulus, 

The annulus losses are here defined in terms of axial velocity 
since for a fixed hub-tip ratio 7, is then constant and, neglecting 
scale effects, dependent only upon the shapes and surface finish 
of the stator vanes, fan casing, hub and tail fairing. The part of 
n, Which is associated with the stators is constant because, as will 
be seen further on, the design swirl coefficient w,r/u is limited in 
such a way that it will always be the same for any fan having a 
particular annulus geometry. 

Since 7, refers only to losses that are associated with the ve- 
locity head through the annulus, Equation [20] does not allow for 
all such losses as those due to boundary-laver separation at the 
hub of the rotor, and other secondary losses not as vet properly 
understood. However, these losses, although relatively small (1 
could be included as part of either the annulus or the blade losses 
Rational evaluation of 7,, and adjustment of », to allow for 
secondary blade losses, may be accomplished by detailed ex- 
amination of the various individual losses, but such a course is 
still rendered difficult by a lack of existing knowledge, as may be 
judged from work done by Wallis (1) in this connection. At 
present 7, has vet to be estimated roughly or its magnitude de- 
termined on a basis of experience 

By means of a simplifying assumption, which introduces errors 
that tend to cancel, and justification for which is indicated in a 
later section of this paper, it is now possible to use the theory so fat 
outlined in order to derive information regarding conditions of 
minimum loss. This assumption implies that (w,/22)?< 1 and 
tan y < 1, and involves writing Equation [17] in the form 


Qr We u? 
tan ¥ 1 + oO t O23 
‘ Res sr” 


For the usual type of airfoil section used in fans, tan ¥ is indeed 
small, and it may be shown that (w,/2{2)? also will be small over 
the range of fan designs treated here. The average blade-loss co- 
efficient over the annulus is then obtained from Equation [21] by 


integration between the limits ro and R 


2(tan Y)ar(Ae, + W) 
(1 + A) 


2(1 — A*)\(tan + )av 


(1 pda 
Me 3(1 — A*)p~ 


where (tan Y)ay is the average value of tan y along a blade, and 
[23] 


where w,, is the angular velocity of swirl at the hub. 

Now, for p constant, Equation [13] shows that w,r? = const, 
which is the condition for free-vortex flow. This condition, to- 
gether with Equation [23], may be used to show that 


[24] 


2 
Qo" = €,UTo 
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which, when substituted into Equation [13], leads to the impor- 


tant relationship 


f 
— 
7 2e, AY 


25 


Then from Equation [20], by substituting from Equations [22 
and [25] 
2(1 — A*)(tan ¥ dev 
— hy 
2(tan y)ar(Ae, + WP) 
(1 + A) 


—17)¥ . 


2€,A 3(1 


Aa) 


Since A as well as the values of n, and €, are constant for a fan 
of a given annulus and stator geometry, and since (tan Y)ay will 
only vary slightly with changes in ¥ over the range in which 7 is 
f 


fairly high, this expression may be differentiated w.r.t. ¥ in order 


to obtain the condition of minimum loss, i.e., the optimum value 


of vy, which is thus found to be 
21 +A + A*\(tan Yas 


7,1 A) + 6A(tan ¥ das 


Higher values of y will lead to higher velocities and correspond- 
ingly greater losses in the stators and annulus, while lower values 
will cause reductions in 9, as may be seen trom Equation [14 
and [25] we 


Using Equations [3 ilso obtain that, under opti- 


mum conditions 
] A? 
~ (2e.An)"/*y,, 


An expression for the optimum radius R = R,, may finally be 


derived from Equations [2], [25], and [1] to yield 


VeV A 
i e - | Ste ] 
p, {30(1 A?) 


It will be clear that, while Equations [28] and [29] refer to opti- 
mum conditions, this is only because of the substitution Y = y,, 
These expressions, together with Equation [26], are equally valid 
for other values of y 

Now, if 7, and €, are known for a particular A, and a suitable 
value of (tan y)sv adopted, then for this set of conditions, Equa- 
tion [27] will yield the optimum flow coefficient y,. Over a 
range of different A, and corresponding 9, and €,, this equation 
mav therefore be used to obtain a relationship between y,, and 
Xr. 

From Equation [26 
from Equation [28] one between optimum o and A; and from 
Equation [29] one between (R,,/N)(p,/pV) and A. For 
particular value of A a design will be optimum, provided the 
corresponding optimum ¢ is obtained, no matter how the varia- 
However, the fan radius will be 


follows a relationship between | and A; 


any 


bles V, p,, and N are chosen 
determined by Equation [29] 

For design purposes V and p, will be given, and (tan ¥ )ay esti- 
mated, so that A may be chosen to yield any desired N and R,,. 
For this chosen A, and corresponding €, and 7,, the design will be 
optimum if Y = y,,. The determination of €, and the estimation 
of 9, and (tan ¥)av is dealt with in the paragraphs that follow. 

Thus far the analysis has involved making the assumptions 
that: 


1 Free vortex flow conditions exist in the fan annulus, this 
being assumed for the sake of simplicity 
2 The term (1 — 7,)pu?/2 in Equation [20] represents all the 
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fan losses apart from those due to blade-profile drag, 7, being 
considered constant for a fan of given annulus geometry, this im- 
plying that part of the losses due to boundary-layer effects at the 
blade tips and at the rotor hub are neglected in comparison with 
the sum of the blade losses, stator losses, and diffuser losses. 

3 In Equation [17] both (w,/2Q)* and tan y are small, an 
assumption which has been discussed already, and which is later 
referred to again. 

4 (tan 7Y)av varies negligibly with changes in W over the range 
in which 7 approaches its maximum for any particular value of A. 

5 As implied by the second and fourth assumptions, scale 
effects may be ignored when deriving Equations [27] to [29]. 
This limits the range of fan sizes and speeds over which the 
theory is accurate, but only to the same extent as does the usual 
assumption that the fan laws are not subject to scale effects (6). 

The only further assumptions that are made in the part of the 
treatment that follows involve a restriction of the theory to the 
use of free arifoil data, the imposition of empirical limitations 
on swirl coefficient, blade solidity, and lift coefficient, and the ap- 
proximation that (cot @ tan y)< 1 at the hub of a fan. 

Design Limitations. In order to obtain the maximum possible 
loading on the fan blades, it is desirable to use the largest per- 
missible value of w,. Since, then, the maximum swirl that can be 
obtained without stalling in guide vanes is shown from work on 
accelerating cascades to be such that (1) 


F< 
u 


and since w,7 /u is greatest at the hub, we may impose the limita- 
tion 


€é, < 1.5.. 


We may therefore always take €, = 1.5, but this will sometimes 
lead to such high values of lift coefficient and blade solidity that 
the use of single airfoil characteristics will no longer be valid, so 
that design will have to be based on cascade data. 

The theory may be adapted to the use of cascade data, but since 
existing data of this nature are usually only directly applicable to 
compressor design, and not necessarily to the design of fans, the 
theory, for the present, will be limited to the use of single airfoil 


data. Asis usual (5), we therefore impose 


zeoC ro 
——< 
2779 


where subscript 0 refers to conditions at the hub. 

It is a reasonable approximation, especially in view of the 
empiricism already inherent in Equation [31], to assume that 
(cot @ tan y)< latthe hub. Equation [16] may then be written 
as 

wtp, Me S 
2rro u 


and [25] 


> 


so that by substituting from Equations [13], [15], [3], 


it may be shown that 


4 ‘ 
cay Y + eAYv + ?) 2 12. 


where €, < 1.5. 
Taking Y = y,,, and for chosen values of 7, and (tan ¥)sv, it is 
possible to determine, once for all, relationships between €, and 


from Equation [32] that will always yield either 


~ 
zcoC Lo 


= llore, = 15 
2rro 


Such a set of curves is shown in Fig. 2. 


JOURNAL OF APPLIED MECHANICS 


Optimum Relationships. It is now possible to plot, for different 
values of (tan 7)av and 74, sets of permanently useful curves show- 
ing the optimum relationships between the various fan parame- 
ters. 

Choosing, for instance, the fairly typical value of (tan y)ay = 
0.022, we obtain, for different values of 7,, the relationships be- 
tween 7 and A from Equation [26], the relationships between ¢ 
and A from Equation [28], and the relationships between (R,,/N) 
(p,/pV) and X from Equation [29], as shown respectively in Figs. 
3, 4, and 5. 

The accuracy of these curves depends only upon the validity of 
the assumption introduced by writing Equation [17] as Equation 
[21]. This was investigated by obtaining some indication of the 
degree of error introduced. For this purpose, Equations [17] and 
[21] were expressed in terms of €,, ¥, and A after successively sub- 
stituting r = ro,r = (ro + R)/2 andr = R. Curves of (1 — m) 
against \ were then plotted, the given relationships between €,, 
¥,,, 2nd A being used for the purposes of substitution in order 
to compare the exact and approximate forms of the equation. 
The error in (1 — 7) was generally found to amount to only a 
few per cent. 

Values of (tan y)say may be taken to be typical of usual low 
drag airfoil sections, or else a specific profile may be chosen and an 
approximate mean tan y estimated from the appropriate charac- 
teristic curves by considering a range of lift coefficients between 
rough'y 0.7 and 1.0. The value 0.7 here corresponds to the high- 
est erally accepted to be attainable at a fan-blade tip (4), 

ni alue 1.0 to be the maximum allowable C, at the hub (5). 

VW .0 using the curves of Figs. 2 to 5 it also becomes necessary 
to choose a value of 7,. The estimation of 7, is, at present, still a 
somewhat empirical procedure in that it depends largely upon 
practical knowledge of the losses usually occurring in diffusers and 
different types of fans. 

Design Procedure. Considering, by way of example, the design 
of a fan for which the delivery is to be 10,000 cfm at an effective 
total pressure rise of 20 psf, the first step would be to decide on a 
value for 7,. For this type of fan it could reasonably be assumed 
that 7, = 0.8 for all the values of \ that can possibly be expected 
to prove suitable, and Fig. 5 may then be used to derive the 
family of curves shown as solid lines in Fig. 6. Next, Equation 
[4] is used in conjunction with Fig. 4 to obtain the dashed curve 
in Fig. 6. This dashed curve now shows how R, A, and N 
should be related in order to produce optimum conditions. As 
indicated by Fig. 3, it is preferable to choose A fairly high, but 
this leads to the larger values of R and may therefore not be de- 
sirable. 

Suppose it is decided to choose \ = 0.5, R = 1.025 ft, and N = 
1800 rpm, as shown by the dotted lines in Fig. 6. The appropriate 
value of €, may then be read off in Fig. 2 and ro, u, and Q calcu- 
lated. At each of a few radial stations from rp to R the value of 
w, is calculated from Equation [24], and Equation [15] used to 
determine ¢ at each station. This enables the product zcC, at 
each station to be obtained from Equation [16]. 

When evaluating Equation [16] it is again necessary to assume 
tan y. The value tan y = 0.022 may be used throughout, or 
else tan y may be individually estimated for each station. It will 
be clear, in any case, that even large errors in tan y will bave only 
little effect on ze C, 

A suitable z is now chosen, and satisfactory hub and tip chords 
obtained by taking the lift coefficient at the hub near unity and 
that at the tip in the vicinity of 0.7. Chords at intermediate sta- 
tions may be chosen to obtain any desired blade shape, and the 
corresponding values of C, calculated. Finally, a follows from 
airfoil data, and @ is thus determined. 

It may be desirable to calculate the Reynolds number at each 
station and thus to obtain accurate values of yy, these being in- 








SEPTEMBER, 1958 








4 


SWIRL COEFFICIENT € 





05 
HUB-TIP RAT 


Fig. 2 Allowable swirl coefficients for fans with inlet guide vanes 
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Fig. 3 Efficiency of fans with inlet guide vanes 
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Fig. 4 Optimum characteristic number for fans with inlet guide 


vanes 


serted in Equation [16] by way of a check on the accuracy of 
zc C,. Usually, however, errors will be found negligible. 

Fig. 1 shows that the inlet guide vanes are required to impart 
a swirl of circumferential velocity w,r to the inlet air. With ¢, u, 
and 2 known, the required air defiection may be calculated at 
different radii. It then remains to design the guide vanes in such 
a way that they will produce this deflection of the incoming axial 
flow. When designing the usual type of high-solidity stator vanes 
it becomes necessary, in view of the present lack of more satis- 
factory cascade data, to resort to approximate methods (1) based 
on the results of work done on compressor cascades, 
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Fig. 5 Optimum radius-speed parameter for fans with inlet guide 
vanes 
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Fig. 6 Optimum relationship between A, R, and N for a fan with 
inlet guide vanes 


Fan Having Low Slipstream Rotation 

This method of analysis is applicable to all types of ducted fan, 
the following procedure, for instance, being adopted when con- 
sidering the design of fans that are equipped with NPL straight- 
eners. 

Equations [11] to [17] now become, respectively 


= 2nr (np - ; part)... 


dQ 2rr 
— = erpuwr —... 
dr z 


p = pQrur..... 


ma ee - ee 
mm te TY) T oe: 


u 1 
tan gd = o —_—_—— 


a w 


20 
ZcC, 2wr sin @ 
2er u(1 + cot @ tan y) 








, w \? u? 
( r ia) T OA 


Or 

ar 

ee a2), 
20), "7 


where w is the angular velocity of the swirl behind the fan. 
Equation [39] is then written as 


(1 —) = 


Qr w 
(1 — 7) = tany{1 — T 
u Q { 


so that Equation [26] becomes 
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ig. 7 Efficiency of fans having low slipstream rotation 


(TAN ¥) 20022 
av 


oe 
cS ee - 
02 o3 o4 o5 os 


HUB-TIP RATIO) 


Fig.8 Optimum characteristic number for fans having low slipstream 
rotation 
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Fig. 9 Optimum radius-speed parameter for fans having low slip- 
stream rotation 
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; ; (l1-—7.)W . 2(1 — A*\(tan y)as 
(1-9) =- 
2ed 3(1 — A*)y 
2(tan Y)a(y — €A) 
(1 + A) 


where, in the same way as before 


and 


> 
wre = EUTo.. 


Equations [27], [28], and [29] become, respectively 


J 2X(1 + A + A2)(tan Y)av 


- (1 — 9,)(1 4+ A) + 6A (tan Y dav 


fi = 2 2 
c= as 
(2eAn) *Y, /* 


NpV €eX\n 
= tt) 
p, (3001 — 4 os 


As is usual in the case of wind-tunnel fans in which the swirl is 
removed by means of NPL straighteners, the limitation of low 
slipstream rotation gives rise to the condition (1) 


e< 0.4 


Under these circumstances the analysis of the paragraphs headed 
“Design Limitations’’ may be shown to be unnecessary, so that 
€ = 0.4 always may be assumed. 

In the same way as before, Equations [44], [41], [45], and [46] 
are then evaluated to yield Figs. 7, 8, and 9. Once again, these 
are permanently useful sets of curves. 

Suppose then it is desired to design a fan for a wind tunnel hav- 
ing a 9-ft-diam working section in which the speed is to reach 250 
fps, the wind-tunnel power factor being estimated as 0.27. A few 
simple calculations will yield 


V = 16,000 cfs 
RR = 20 psf 


Considering the magnitude of the losses that could occur in 
stators of the NPL straightener type, the range of suitable hub-tip 
ratios that may prove possible, and the type of tail fairing that 
can be used in a wind tunnel, it is reasonably assumed that 7, = 
0.9. The curves shown as solid lines in Fig. 10 are then derived 
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Fig.10 Optimum relationship between \, R, and N for a fan having 
low slipstream rotation 
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from Fig. 9. Dotted portions ol these curves indicate conditions 


where the tip speeds would exceed 550 fps, and should therefore 


be avoided Again in the same way as before, Fig. 8 is used to 
derive the dashed curve in Fig. 10, and optimum relationships be- 
tween A, R, and N thus established. Dotted lines in Fig. 10 in- 
dicate a suitable choice of main fan parameters, namely, A = 0.45, 
R = 7.4 ft, and A 600 rpm 


follows in the way 


Detailed design of the fan blades 


outlined previously, Equations [43], [37], and 


[38] being used 


Conclusion 

More results of experimental investigations will have to become 
available if fans are to be more rationally and effectively designed 
In particular, as pointed out in the present analysis, considerably 
more information is required about fan losses and also about such 
caseade-flow phenomena as are peculiar to fans 

In view of the increasing use ol ducted fans, not only in the 
realm of aeronautics but also for ventilating work, further in- 


vestigations may well be considered justified. 
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The Effect of Spin Upon the Rolling Motion 
of an Elastic Sphere on a Plane 


By K. L. JOHNSON,' CAMBRIDGE, ENGLAND 


The motion and deformation of an elastic sphere rolling on an 
elastic plane are examined for the case when the sphere, in addi- 
tion to its straight rolling motion, has an angular velocity of 
‘spin’? 2 about an axis normal to the plane. The action of spin 
is to twist the area of contact. Surface tractions resuiting from 
this rotation are found, which demonstrate the necessity of partial 
slip in the area of contact. Previous investigations suggest that 
this slip cannot occur at the leading edge of the contact circle, so 
that a system of tractions is found which corresponds to zero 
stress at the leading point. It is shown that such a system of 
tractions gives rise to a transverse creep of the sphere in the 
direction of its rotation 2. The magnitude of this creep is calcu- 
lated for small values of (2, when slip occurs to only a small extent. 
Experiments have been performed using a simple thrust bearing 
with plane parallel races. As the bearing rotates, the balls creep 
radially outward in the predicted manner. Quantitative meas- 
urements of this creep agree with the theoretical estimate over 
a wide range. 


Introduction 


THE motion of a sphere which rolls without sliding upon a plane 
has been analyzed in a companion paper (1)? into three cate- 
gories: (a) Free rolling; (0) rolling under tangential forces; and 
(c) rolling with spin. The motion referred to as spin is defined 
as a relative angular velocity between the sphere and the plane 
about an axis through the point of contact normal to the plane. 

Spin is a recognized feature of thrust and angular-contact ball 
bearings and is usually held responsible for the higher friction 
torque and considerably shorter life of these bearings in compari- 
son with radial bearings in which free rolling occurs. In spite of 
its practical importance, few attempts seem to have been made to 
analyze the mechanism of the motion or to determine the surface 
stresses which are induced. Palmgren (2) and Poritsky, Hewlett, 
and Coleman (3) calculate the friction torque of angular-contact 
bearings assuming that the relative slip between the balls and 
the races consists of a rigid-body rotation with the spin velocity 
about a normal axis through the center of the contact area. The 
more recent work of Mindlin (4) and Lubkin (5) suggests that it is 
unjustifiable to ignore tangential displacements resulting from 
the elasticity of the surfaces and that, at least for small spin 
velocities, slip might occur over only a small portion of the area of 
contact, the remainder consisting of a locked region in which no 
relative motion occurs. 

1 Engineering Laboratory, Department of Engineering, University 
of Cambridge, Cambridge, England. 

2 Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Contributed by the Applied Mechanics Division for presentation 
at the Annual Meeting, New York, N. Y., November 30—-December 5, 
1958, of Tue American Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, September 17, 1956. Paper No. 58—A-5. 
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The author was interested to observe, partly by accident, 
that in a simple thrust bearing, made up of two flat concentrically 
rotating disks with evenly spaced balls rolling between them, the 
balls did not move around a perfectly circular path but exhibited 
a creeping motion radially outward. This occurred when the 
velocities were sufficiently small for the centrifugal forces to be 
negligible. The effect is mentioned casually by Palmgren (6) in 
connection with his rolling experiments with tangential forces, 
but is dismissed as insignificant, since he states in conclusion® 
that ‘‘the ball is always, while rolling, seeking surfaces which are 
exactly parallel, if such exist in the path of the ball.” In the 
analysis of rolling with spin presented in this paper an attempt is 
made to assess the magnitude and to explain the mechanism of this 
radial creep. 
Statement of the Problem 

In this problem the sphere is taken to roll on the plane in a 
straight line parallel to the axis or with a steady velocity U. Con- 
tact is maintained by a force N acting in a direction normal to the 
plane, which gives rise of a circular area of contact of radius a 
given by 
3(1 — »)ND 

8G 





a= {1} 
At the same time a steady angular velocity of spin 22 about the 
normal axis oz is maintained by an applied twisting couple M,. 
In view of the observations mentioned in the introduction, tan- 
gential creep velocities AU and AV might be expected as shown 
in Fig. 1. 

Clearly the action of the spin rotation, as the sphere rolls for- 





* Reference (7), p. 35. 
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Fig. 1 Area of contact under action of an angular velocity of spin 2 
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ward, is to twist the area of contact, thereby inducing tangential ov ‘ dv P 
components of traction X and Y. It is required to find X, Y, AU. and or ined Be (z, y, U) 
and AV and the moment M, arising from a given angular velocity 

of spin. where p is a nondimensional spin factor, Qa/U. 

The method of analysis follows closely that applied to the It has not been found possible in this problem to make a simple 
problem of rolling under tangential forces given in (1), to which and physically reasonable supposition for the shape of the locked 
reference should be made for notation, and so on. It wasshown T€g!0n once siip has developed to any appreciable extent. The 
there that considerable simplification could be secured by as- investigations are confined therefore to the assumption that 
suming the sphere and plane to have similar elastic constants and negligible slip occurs over the whole circle of contact. 
by ignoring the warping of the contact surface, whereupon the The method of solution follows that given in reference (1 
problem reduced to one of two identical spheres rolling upon each tangential tractions are specified over the whole area of contact 
other. The same expedient is applied to the present problem, (r < a) and the “‘problem of the plane” solved to obtain the sur- 
thereby introducing several important conditions which now face displacements, which must satisfy the no-slip conditions of 


arise from the geometrical and elastic symmetry of the system. Equations [10] and [11] over the arear <a. The boundary 
conditions in this case reduce to: 

Conditions From Symmetry 

X and Y, to be specified, consistent 


Reducing the problem to the contact of equal! spheres with like 
elastic constants permits {2 to be divided equally between the with Conditions [2], [3], and [5] 
surfaces, and reference to Fig. 1 indicates symmetry about the 0 at 
axis Or. Therefore the equality of action and reaction gives 

X(z,y) = —X(z, -y [2] 
Solution for No Slip 


The metho 1 mployed by Mindlin (4)¢ has been us d here to 


find the tangentia! surface displacements u and v due to a number 
of distributions of tangential tractions of similar form acting over 


the circle r 1 Ihe surface integrals obtained by substituting 
, these tractions into Equation [32] of reference (4), although 
and since there is no resultant tangential force ; a in eee 2 
VACLIOUS, present no rea difficulties. The results ol these calcula- 
"a (2s Pa £2 tions are summarized for convenience in Table 
J | Xrdrd@ = | Yrdrd#@ = 0 5] . wees axe ae ‘ = Fable l. 
0 J0 0/0 , Considering e data of Table 1 in the light of 
; ; : 3], [5] 10], ar , It is apparent that the r 
The particle velocities at point P(z, y) are now given by ee oe PI - 
” will be those givi se to expressions tor 0 or 
AU proportional! to { for Ov/Or containing tern 
q(z,y,U) = U+— - — (zx, y, sgn l } 


Z, nh tract 


dy Zz, 1 
Symm«e try of the system about Or gives 


= 927, y, U 


Ys er r“ [14] 
ae” =<— 
Each satisfies « ons [2] and 


j r should be no res tange | 
velocity between such points is therefore given by should be 1 tangential 


that Y,; and Y,1 vided together such that 


where (z;, y;) and (x2, ye) are contacting points. The relative [3] and, in order that there 
force, it follows immediately 


Y,= —F,.. [15] 

and 
The displacemet lue to the superposition of tractions 
8, = Gy(2, ¥ q(t, —Y [13], and [14 
which, from I xpressions [6] and [7], give _ shit } - Y \3r2v _= y, Tv 
ia YT 32Ga ¥ 32Ga 
s, = AU-Qy +U (z,y,U) — U —y, U)..[8] 
Or r 


ov X xv Y,7r2(4 — py (—F,)r(10 — pv) 
a ae ’ Sa ¥ oe. (cree ’ 
or 32Ga 32Ga 32Ga 


, a aa , 
s, = AVE Qr+L aa (z,y,U) +L os —y, U)..[9] 


which satisfy the conditions of no slip, conditions [10] and [11], 


As in the previous problem, we might expect the area of contact provided that 


to be divided into a locked region and a region in which slip 116] 
: ‘ ° ' t } 
occurs. In the locked region the relative velocity between con- 


tacting points is zero, whence ‘See also ‘Theory of Elasticity,” by A. E. H. Love, p. 242, where 


du du y a solution to the problem of the plane with given surface tractions 
zr, —y, U) (z,y,U) = &, —p —.... [10] is expressed in terms of the potential functions of Boussinesq and 
or or a Cerruti. 





Table 1 
Tangential Twisting 
i orce, couple, 
s 32Gu 
raiX raX 
QO {2(2 — »)(2a? —2z 
+ p(x? 
2 0 &(2 — v) 
v0 0 2(4 — 3v)z/a 
— */; 2(4 — v)y/a 
0 3(2 — v)ry/a? 
32Gu 
ray 


2rry/a* 


Tangential 
traction, 
X 


Suffix } 3 
ratX 
2/ 


(3 - vp 
p 
3(3 — 2v) 
and 
8G (1 — pv) 
wx 3(3 — 2p) 


Pp 


The resultant tractions are therefore 


8G(3 — Vv) Pp ry 
é 7. 


w3(3 — 2v) a (a? — r?) 


SG(1 Vv) 
~ 20 
w3(3 — 2v) a (a? — r?) 
The distribution is symmetrical about the y-axis and provides no 
resultant couple about the axis of spin. This is to be expected, 
since the stipulation of a perfectly elastic solution with no slip 
permits no energy dissipation as rolling proceeds. 
In common with the no-slip solution for rolling under a tangen- 


tial force the tractions [19] and [20] exhibit a singularity at r = 


a which will be relieved in practice by slip. 


Solution for Vanishingly Small Slip 


It has been shown previously that the application of tan- 
gential tractions in both the zx and y-directions to the contact 
surface of a rolling sphere causes slip to initiate at the trailing 
edge of the contact circle. In each of the cases examined, any as- 
sumption of slip between contacting points before they have passed 
through the locked region has been shown to contradict the law of 
friction. It will now be assumed that this state of affairs applies 
to the present problem of tangential tractions due to spin, und 
any tendency to slip at the point (—a, 0) will be eliminated by 
making the tangential traction there equal to zero. This device 
already has been shown to give reasonable results in the case of 
rolling under tangential forces (7 < uN), where a more complete 
solution is available for comparison [see Appendix to reference 
(1)). 

It is possible to make the resultant traction at the point (—a, 
0) have zero value and still satisfy the conditions for no slip over 
the area of contact by adding to the no-slip solution the tractions 


X, = x, 90 epapeaes 
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Tangential surface displacements within the circle of contact r < a 


32G (= 
rk or ) 
2(4 — 3v)x/a 


0) 
2vy/a 


—2vzr/a 


v)y/a r (2a? 3(z? 4 
32 
ray 


32G ( Ou 
ry Or ) 
2a? 


2vy/a jo(2 — v)(Za* — x? 
—y(z? — y?)} 
8(2 — ») 
2(4 — v)z/a 
2(4 — 
3v)a? + 
ee 


Sv)y/sa 


10 — y»)x 
Yv)y?} /2a 


2 
° 


7 SG(3 v 
¥, = ane Pp and 
w3(3 — 2p r3(3 — 


are chosen so that the resultant values of XY and Y ; 


—a,0). The final tractions then become 


8O(3 - (a + xr)y 


Ws 


Dy 24) 
Q) = (X? + Y?*)%*, which is no longer 
symmetrical about the y-axis, is shown in Fig. 2. 

The additional tractions Y, and Y produce displacements see 
Table 1 


The combined traction 


for which 


On Rar — 2p 
Or 32G 


This constant term, when included in the no-slip condition [11], 


gives rise to a transverse creep 


#9 y 


:~ 3 ye? =. 126) 
3(3 — 2p 3: : 
Hence a mechanism has been found to explain the transverse creep 
which is observed to accompany rolling with spin. 
A second feature of the nonsymmetrical distribution of trac- 
tions [23] and [24] is that the resultant moment about the spin 


axis is no longer zero 
32(2 — pv 


2ra* 
M,= _ 
93 — 2p) 


z 3 (-¥,+Y;) = 


} 
Ga*p 
) 
The results of this section are not exact, either for the case of no 
slip or when slip occurs, but may be taken to represent the limit 
to which the creep &, and the resisting moment M, tend when the 
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ALL SLIP PREVENTED 


FROM EQUATION ( 20 


On, 
SA AAAA A 


- (see Yi th - 


Fig. 2 Contours of resultant surface traction under action of a small 
angular velocity of spin (vanishingly small slip). Slip might be ex- 
pected to extend over the shaded area when pD ya = 1.0. 

The range of 


degree Oo! slip is small; i. for small values of p. 


values of p for which Equ ations [26] and 27] might be expected 
to be valid may be deduced from the contours of traction shown 


ltant traction 


pF, ( : - 0) 
a 


reaches its maximum value, for any given radius, at 6 = +60 deg 


in Fig. 2. It will be seen that the res 


SG(2 v 


TH(35 2y 


Slip will progress radially inward from the trailing edge over the 
region in which |\Q > uZ; ie 
&G(2 Vv = 
pF.(p, 8) > 
33 2v : 
where p = r/a 
Substituting for a from [1] and writing F,(p, @)/(1 
F, .(p, 9), 


— p*)‘* as 
the penetration of slip is given by the condition 


ao = 


= 3. 2v ( pa ) 
> <so0 
AZ— vl — vp pD 


the degree of slip is governed by the nondimensional 
pD/ya). The function F,,, 
Using Equation [29], the values of (pD/ya) to pro- 


Apparently, 
parameter is sketched in Fig. 3 for 
6 = 60 deg. 
duce increasing penetration of slip are deduced.® 
slip penetrates to p = 0.8 at 8 = 60 deg when (pD/ya) reaches 
the value 0.77, and to p = 0.7 when (pD/ya) is 1.19. 


For example, 


We are now able to estimate, tentatively, the conditions under 
which the theoretically deduced transverse creep and resisting 
moment given by Equations [26] and [27] might be expected to 
apply. The results represent limiting solutions for small slip, but 
might be expected to provide a reasonable approximation for 
values of (pD/ya) less than 1.0. Slip would then nowhere ex- 


§ This calculation can only be approximate and apply to a rela- 
tively small degree of slip, since the action of slip modifies the traction 
within the locked region. 


pd, 
VALUES OF \ J ) 
a 


Fig. 3 Estimated progress of slip with increasing spin 
tend within p = 0.75 and would roughly cover the shaded area in 
Fig. 2. 


Equations [26] and [27] 


may be rewritten in terms of the slip 


v ( pb ) 
ov Ma 


parameter (pD/pa 


M.D 
uGa* 


cae 
Ma 

or, more generally, to cover the values of (pD ma 
pb 

oy, 
Ma 


WD : ( pbD ) 
= f. 
uGa* si Ma 


In the absence of a complete solution these functions may be de- 


for which slip 


is significant 


termined by experiment 


Experimental 


Experimental observations have been made of the transverse 
Also 


success, an attempt has been made to measure the resisting 


creep which accompanies rolling with spin. with leas 
moment about the spin axis. 

A convenient arrangement in which spin occurs is provided by 
a simple thrust bearing. The bearing used possessed flat hori- 
zontal races, the load being transmitted through three sym- 
metrically spaced balls. The lower race was fixed, while the upper 
race turned about a vertical central spindle and carried a dead 
load. 
centers move round their track of radius R with a velocity U = 
QR. It is clear that there is a relative angular velocity of 222 be- 
tween the two races so that spin must occur between the ball and 
the races at one or both points of contact. If the surface condi- 
tions at both points of contact are identical, in order for the spin 


If the upper race turns with angular velocity 22 the ball 


moments M, acting on the ball to be equal and opposite, the ball 
will turn about a vertical (spin) axis with angular velocity . 
The angular velocity of spin of the ball relative to the race at 
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each contact is thereby +{2, and the rolling velocity at each 
contact +U = +R. Thus the spin factor becomes 
Q 
pP=> = 
having the sume sign at each point of contact, so that the slip 
parameter reduces to 


As the bearing rotates the creep, transverse to the rolling direc- 
tion, causes the balls to move radially outward, so that the track 
radius R gradually increases. This movement was measured by 
micrometer for one circulation of the balls around the track, and 
is denoted by 6. Thus for the experimental arrangement, Equa- 


ta (*) 


/ 


M, 3(1 — v) D 
— = ——__— f, {| — 
uNa 8 uR 


For a given value of (D/uR), corresponding to a given pattern 
of slip, Equation [36] suggests that 4 is proportional toa. Varia- 
tions in a were obtained by increasing the normal load. A typical 
set of creep measurements is shown in Fig. 4 for a series of ball 
diameters, which adequately demonstrate the linearity of 6 with a. 
If the slopes of these lines are plotted in the form of Equation 
[36] then we should expect the results to follow a unique function 
of (D/uR). 

Difficulty arises in the choice of suitable values for uw. Ref- 
erence to the legend accompanying Fig. 5 shows that creep meas- 
urements were made under a variety of surface conditions. Both 
hard and soft races were used in the ‘‘as-ground’’ and polished 
state (the balls were at all times hard and polished). The ma- 
jority of the experiments were performed with lubricant present, 
but some measurements were made dry. To correlate these re- 
sults the coefficient of sliding friction was measured in each case 
(see legend to Fig. 5). As would be expected, the measured co- 
efficient of friction depended little upon surface finish and hard- 
ness. The creep measurements, on the other hand, showed a 
marked change as a result of polishing the races. To correlate 
the results into a unique function of D/uR, the effective value of 
uw for the polished races requires to be about half of the value for 
the rougher races. Even assuming that microslip over part of the 
area of contact is governed by Amonton’s law so that we may 
write Q = uZ, the experiments suggest that the constant u cannot 
be compared with the value associated with steady sliding. 

This phenomenon had been observed by the author previously 
(8) during experiments on the static contact of spherical surfaces 
under tangential forces. It was suggested then that the infinite 
tractions associated with no slip might be relieved, in part, by 
distortion of the surface asperities rather than by microslip as 
assumed in the analysis. In this way a rough surface, with its 
more flexible asperities, would accommodate higher tractions 
before the onset of appreciable slip. 

To avoid the difficulty of the indeterminate nature of the 
constant yp, the results of the creep experiments have been plotted 
in the form [6/(27a)]}(D/R) against D/R in Fig. 5. At small 
values of D/R the experimental results compare very favorably 
with the analytical solution of Equation [30]. Taking the effec- 
tive value of u to be no greater than 0.2, Equation [30] is seen to 
be a close fit over the range D/(uR) < 1. For large values of 
D/(uR), the creep approaches a constant value whose magnitude 
is dependent upon the nature of the surface. When slip has pro- 
gressed over a large proportion of the contact area, the magnitude 


tions [32] and [33] become 
6 D 
2rR ya 


. [36] 
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Fig. 4 Measurements of transverse creep due to spin 
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Fig. 5 Correlated results of measurements of transverse creep due 
to spin, compared with linear theoretical relationship 


of the surface tractions, and hence the resulting creep, are no 
longer dependent upon the amount of spin. 

An attempt was made to obtain the twisting moment function 
of Equation [37] experimentally by measurement of the torque- 
resisting rotation of the bearing. The over-all resistance was ob- 
tained by measuring the retardation of the bearing when rotating 
freely and slowly. In addition to the resistance due to spin, the 
over-all torque includes the resistance to straight free rolling— 
the usual rolling friction. Assuming the elastic-hysteresis theory 
presented by Tabor (9) to be correct, the rolling-friction force is 
given by 

F=a®... [38] 
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Fig. 6 Measured resisting moment during rolling with spin. This 
moment is made up of a component due to spin and a component due 
to elastic hysteresis. 


V2\""" 
® = 0.00105 ( ) lb i 
D 


per unit distance rolled for a steel 


where 


is the elastic b lone 
rolling on : e, and a@ is the fraction of this work dissipate: 


hyst 


is 


esis.® nee the friction moment per ill due to hyster 


arz \ */s 
=FR = 0.00105 ( ) ak 
D, 


rewritten 


M,)s 


Using Equation [1] this may be 


39] 


Tabor quotes a figure of 2 per cent for the value of @ for hard- 


steel rolling surf Measurements by the author (unpublished 


aces 


of the hysteresis loss at the stationary contact of a hard-steel 
sphere and plane gave an approximately constant value of 0.4 per 
We may write 


cent for norma! loading within the elastic range 


R ) . 
N u 
D 


magnitude 0.0015 to 0.0072. 


therefore 
M, A 
To the 


hysteresis moment must be added the moment due to spin given 
so that the total re- 


where & is a constant of 


> 


by Equation 37] taking M aS & Constant 


sisting moment is 
M, ( M, ) Me ) © e - JD 
= + - =k f - {40 
Na Na /, Na /, D : R 


It may be seen that both components are functions of the ratio 


(D/R) and, for a constant value of this ratio, are proportional to 


6 Dr. Tabor has drawn the author's attention to a mistaken assump- 
tion in paper (10) which caused the expression for ® 
quoted in (9) to be too large by a factor of 2. His values of a deduced 
from rolling experiments are therefore too small by the same factor. 
A more exact treatment by Greenwood and Tabor is in the course of 
publication. Corrected values of ® and @ are given above. 


his original 


Fig. 7 Analysis of resisting moment measurements into spin and 
hysteresis components 
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0 vields a value of 


irements yvsteresis 


estimated from independent meas 
component can be from the total to leave the 
spin component. 

It is 
D/R small 


spin component so that no r 


immediately apparent that in the region of small slip 


the hysteresis component is mu +h larger than the 


liable comparison with the linear 


relationship of Eq lation 7 | is possibie, J ol larger Values of 


D R the hysteresis component becomes small and the experl- 


ments should give a reason » measure of the resistir 


due to spin. With increasing spin velocities, slip 
stresses at the trailing edge of the contact area, causing the 
sisting Moment to d ‘part trom the linear re lationship of | quation 


1 to approach a limiting value. A tendene 


moment to decrease at large values of D R was obser 
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The Effect of a Tangential Contact Force 
Upon the Rolling Motion of an Elastic 


Sphere on a Plane 


By K. L 


The motion and deformation of an elastic sphere rolling on an 
elastic plane under a normal contact pressure Nhave been studied 
for the case where a tangential force T is also sustained at the 
point of contact. Provided that T < uN (u = coefficient of fric- 
tion), the sphere rolls without sliding but exhibits a small ve- 
locity relative to the plane, termed “‘creep.’’ Following the work 
of Mindlin and Poritsky, it is shown that creep arises from slip 
over part of the area of contact, and further, that this slip takes 
place toward the trailing edge of the contact area. On the as- 
sumption of a locked region in which no slip occurs, of circular 
shape, tangential to the circle of contact at its leading point, sur- 
face tractions are found which satisfy the condition of no slip 
within the locked region and are approximately consistent with 
the laws of friction in the slip region. The variation of creep 
velocity with tangential force is thereby determined. Experi- 
mental measurements of the creep of a steel ball rolling on a 
flat steel surface are in reasonable agreement with the theoretical 
results. 


Introduction 


Tus paper and its sequel? examine the motion of an elastic 
sphere which rolls without sliding on an elastic plane, taking into 
account the deformation of the two surfaces under the action of 
the contact force exerted between them 

A pressure between the surfaces, acting normal to the plane, 
has the effect of enlarging the ‘‘point of contact’’ into a small 
circular area. In addition, the surfaces may sustain a tangential 
component of force without sliding, provided that the limiting 
friction force is not exceeded. Thus as rolling proceeds, the line 
of action of the resultant force transmitted between the sphere 
and plane may be inclined to the normal at an angle not exceeding 
the angle of friction for the two surfaces 

To define the kinematic aspects of the problem, it has been 
found convenient to regard the motion relative to the point of 
The origin O of 


rectangular co-ordinate axes is taken to be at the center of the 


contact, which remains stationary in space. 


circle of contact. Axes Ox and Oy lie in the undistorted plane, 
with Oz in the direction of rolling; Oz is therefore normal to the 
plane, Fig. 1. In this view a steady rolling motion of the sphere 
on the plane appears as a stationary pattern of elastic distortion 
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itact region through which the material of botl 


at a ste uly rate 


around the cor 
bodies flows This will be recognized to be the 
Eulerian co-ordinate system, familiar in the field of hydrody- 
namics, but which has been applic d to problems in elasticity by 
Bishop and Goodier (1). 

Focusing attention on a particular point lying within the con- 
tact area, slip is said to be taking pl wwe at that point if the ve- 
locities with which the two surfaces pass through that point ure 
unequal. If there is no point in the contact area at which the 
velocities of the two surfaces are identical, then complete slip or 
sliding‘ is taking place 

The particle velocities at any point are made up of two com 
ponents; the first due to the rigid-body motions of the sphere or 
plane, and the second arising from the pattern of strain through 
which the material is flowing. The rigid-body motions corre- 
re shown in Fig. 1. The plane has a 
parallel to Ox. The sphere 


has an angular velocity w about, a diametral axis parallel to Oy, 


sponding to steady rolling a 
linear velocity U (the rolling velocity 


ind in addition may have an angular velocity 2 relative to the 
plane about the normal axis Oz. This latter motion is referred 
to as ‘‘spin,’’ and is usually associated with rolling along a curved 
path. 

From the previous discussion there emerge three distinct cate- 
gories into which the rolling problem may be classified: 

Free rolling, in which the resultant force transmitted between 
the contact surfaces is perpendicular to the plane, and further 

3 Numbers in parentheses refer to the Bibliography at the end of 
the paper 

* The 


bodily slip, while “ 


term “sliding”’ is used to denote the condition of complete 


slip” refers to the condition at a specified point, o1 


points, in the contact area 


|Z 


Fig. 1 Rolling of a sphere on a plane; the co-ordinate system 
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there is no angular velocity of spin between the sphere and the 
plane. 

Rolling under tangential forces, which 
transmitted force is not normal to the 


takes place when the 
plane, but contains a 
tangential component. The tangential component may be re- 
solved into the direction of rolling (longitudinal) and at right 
angles to that direction (transverse). 

Rolling with spin, which occurs when the sphere and the plane 
move with an angular velocity relative to each other, about an 
axis normal to the plane. 

The small resistance to motion in free rolling has been attrib- 
uted by some, notably Osborne Reynolds (2), Heathcote (3), and 
Eldredge (4), to slip over the area of contact arising from the 
geometry of the indentation of the surface on which the ball rolls. 
In developing this theory, tangential displacements of the contact 
surfaces produced by frictional tractions are ignored, even though 
their magnitude is of the same order as the displacements due 
to normal pressure which define the shape of the indentation 
the 


so-called) elastic hyste resis ol 


An alternative explanation of energy dissipated in free 
rolling lies in the influence of the 
the material of the two surfaces 
and, more recently, Tabor a 


Palmgren (5) favors this view 
has shown that careful rolling- 
friction measurements are consistent with the elastic hysteresis 
hypothesis. 

This papel is not concerned with the resistance in free rol 
except for the fact it is unavoidably present in experiments which 
are described. 

It has long been appreciated that the effect of a tangential 
component of force between two bodies rolling together gives 
rise to a slow velocity of one surface relative to the other in a 
The 


phenomenon, usually referred to as creep, is well understood 


direction opposed to the tangential force acting upon it. 


in relation to the motion of a belt over a pulley, clearly described 
by Swift (7). A significant feature, common to all examples of 
creep during rolling, is the fact that the area of contact is divided 
into two distinct regions; one in which the surfaces move together 
without relative velocity and the other over which slip occurs 
The creep velocity arises from the difference in state of strain 
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Fig. 2. Area of contact showing tangential-force components T, and 
T,. Creep velocities are denoted by AU and AV. 
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between the two surfaces over that part of the area of contact 
where they remain locked together. 

Identical solutions have been found by Carter (8) and Poritsky 
(9) for the two-dimensional problem of two cylinders rolling to- 
gether with a normal force N’ and a tangential force 7’ per unit 
length acting between them. Owing to the normal pressure the 
cylinders are in contact over a strip of width 26 given by the 
Hertz theory. 
faces, Poritsky shows that the cy linders remain locked together 


If uw is the coefficient of friction between the sur- 


with no slip over a strip of width 
2d = 26 (1 — T’/pN ° [i] 


from which it follows that when 7’ = 0 no slip occurs, and when 


T' = uN : slip has penetrated over the entire contact surface. In 
the discussion Cain (10) demonstrates that the locked region must 
have one boundary coincident with the leading edge of the area oi 
contact, and that slip occurs after contacting points have rolled 
through the locked re gion, if the direction of Silp 1s to be consistent 
with the laws of friction and to oppose the tangential force acting 
between the surfaces. 

An approximate numerical solution for the rolling of a ball on 


a curved surface under tangential force has been obtained by 


Palmgren (11) which involves approximating the elliptical area 
| I 


of contact to a rectangle. For the case evaluated, the analysis 


compares favorably with experimental results, but it is an unfor- 


tunate feature 


of his experiments that spin is present in addition 


to tangenti il forces. 


Statement of the Problem 


} 


The ball is pressed onto the plar e by a normal force N result- 


ing in a circular area of contact of radius a over which 


according to 


Hertz theory, the pressure is distributed 


a- 
where 
31 —wND 
a’ = } 
AG 
for a ball of diameter D rolling on a flat surface of similar elas- 
ticity, where G = modulus of rigidity and v Poisson’s ratio. 
The area of cont wt is shown in Fig. 2 The path of rolling 1s 
parallel to the x-axis so that material is flo ving thro igh the area 
of contact in the positive direction with a mean rolling velocity 
U. A tangential force 7, having components T, and 7), is 
transmitted ross the surface (7 < uN As a result of this 





force the sphe re has component velocities of ere ep rel itive to the 
plane denoted by AU’ and AV 


bution of tangential tractions XY and Y over the 


It is required to find the distri- 
suriace of contact 
resulting from these tangential forces, and the corresponding 
values of the creep velocities AU and AV 

As in the Hertz theory, it is proposed to neglect the slight warp- 
ing of the contact surface, so that it may be taken to be a plane 
area having a circular boundary of radius given by [Equation 


{3}. Further, if the sphere and plane are 


assumed to have the 
same elastic properties, the problem is equivalent to that of two 
identical spheres rolling together with their circular area of con- 
tact lying centrally in the z-y plane. 

The theoretical problem for which a solution is sought concerns, 
therefore, a system of two bodies rolling together which are geo- 
metrically and elastically symmetrical with respect to the three- 
co-ordinate axes. Several important conditions follow from this 
symmetry. A further simplification is secured by considering 
separately the cases where 7’, and 7’, act alone. 

6 The effect of the warping of the contact surface and unequal elas- 
tic constants upon the results so obtained is discussed subsequently 
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Conditions Arising From Symmetry 

With 7, acting alone, reference to Fig. 2 shows that if the lower 
sphere is rotated through 180 deg about Oy it becomes identical 
with the upper sphere, provided the direction of U is reversed. 
are two points in contact, after rotation 
about Oy, 7. = —z, and yz = y:. Equal and opposite tractions 
X, = —X, and ¥; Y, are transmitted between the two sur- 
faces at this point. The tractions themselves may be expressed 


X= 


If (ti, y and (Ze, Ye) 


f(z, y, sgn U) and Y = f(z, y, sgn U)....... [4] 


temembering that rotation about Oy causes a change in sign 
of X but not in Y, the symmetry of the two bodies about Oy gives 


and 


The over-all mag ns X and Y is gove rned by 


the conditions of equilibrium 


T.= SSX dex dy, 
These conditions apply 


slip occurs or not. 


T,= SS Y dedy.......{7] 


over the whole area of contact whether 


s which must be satisfied by the tangential surface 


Conditior 
displacements if no slip is to occur also follow from symmetry. 
The components oO! § irface velocity at the point P(z, Y), denoted 
be expressed 


by g, and q,, m 


y. U 


q, = f(z, y, U) and q, 


If (x1, y:) and 


are two points instantaneously in contact, 


the components of relative velocity of slip between them are 


denoted by 
-q-2 and 8, 


With 7, acting alone, symmetry about Oy gives 


’ 


19) 


t 
and : Zz, Y; q, | 7 ee [9] 


It is now necessary to express the velocities g, and g, in terms 


local velocity components 


of the rigid-body motions, and the 


arising from the pattern of strain through which the material is 


flowing In the Eulerian co-ordinate system the particle ve- 


locities are give! 


ot 


where U and V are the rigid-body velocities, and where u and 1 
re the tangential elastic displacement at P 
In view of the symmetry, the creep velocities AU and AV may 
be divided equally between the two bodies, so that 


au AU 


9 
~ 


U; U —- 


341 


Now AU and AV are small compared with U, furthermore, for 
steady rolling u and v do not vary with time, so that the expres- 
sions for g, and q, reduce to 


AU , Ou 
+ = « Ff - 
Or 


y ‘ 
z, y, sgn U) 


qe = U 


- (z, y, sgn U) [1] 


Expreasions [8} and [9] for the relative velocity components be- 
i?) i7j A I 
come 


a, =AU+U 


13 


Over any region in which there is no slip taking place the relative 
velocities s, and 8, must of necessity be zero whence 


du 1 Ou Vv 
—2Z,Y, - _ - (z, y, U) 
Or Or 


const 


AV . aa 
= U &, = const [15] 
Equations [14] and [15], therefore, provide conditions which 
must be satisfied by the strain components 0u/Oz and Ov/Ozx over 
that part of the surface of contact in which no slip takes place, 
and at the same time enable the magnitude of the creep-velocity 
ratios £, and &, to be calculated 

It is to be expected, however, that over part, at least, of the 
contact area slip will in fact take place. In this region Equa- 
tions [14] and [15] will not be satisfied but alternative conditions 
may be obtained by an appeal to the simple laws of friction. It is 
assumed that the resultant tangential traction Q can nowhere 


onstant coefficient 


i ] 18 


exceed the normal traction Z multiplied by a ¢ 


of friction, and that in the region where slip has oc« 


taken to have its limiting value uZ; i.e., within the locked region 
a 5 3uN r* , 
Ql=(x8+ YN < = > (1 - - ) 16 
a7a* a* 


boundary of the locked region and within the slip 


, r? 2 
i — {17 
a? _* t ; 


The direction of Q at any point in the slip region is determined 
in fact by the direction of the relative velocity between the sur- 


while on the 
region 
3uN 
Qi = 
: 27a? 


faces at that point, which it must oppose. Since this direction is 
not known in advance, the expedient will be used of choosing the 
direction of Q a priori to coincide with the direction of the tan- 


gential force; i.e., 
when 7’, acts alone Y =0| [18] 
and when 7’, acts alone X =0 ; 


The direction of relative sliding at any point associated with 
this assumed traction may be calculated subsequently by the use 
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of Equations [12] and [13] in order to confirm that the chosen 
direction of Q does not contradict the physical law of friction that 
it should oppose the direction of relative slip. 

A further difficulty is that the shape of the boundary which 
divides the locked region from the slip region is not known in 
advance. In consequence, it has been found necessary to follow 
a “trial-and-error” approach. A shape for the locked region 
is assumed at the outset which, together with specified tractions 
over the area of contact, enables the tangential surface displace- 
ments to be found. For the assumed solution to be correct, 
the displacements must satisfy the no-slip conditions [14] and 
[15] within the locked region and the laws of friction in the slip 
region. 

To complete the boundary conditions it is necessary to specify 
the normal traction (or displacement) in the contact area. Physi- 
cally, it is required that the bodies should remain in contact 
and in equilibrium across the contact surface, for which w and 
Z' must be continuous across that surface. Z’ denotes the nor- 
mal traction resulting from the tangential force only, and is given 


by 
2G ow 
(l — vp) 
1 — 2p Oz / m0 
Ou On ) 
+ yp + 
or oy 20 


In obtaining a solution to the problem of static contact between 
spheres Mindlin (13) makes the assumption that Z’ = 0, while 
showing that this is only exactly true for no slip (whence 0u/dz = 
dv/Oy = 0) and for bodies of equal elastic constants (where con- 
tinuity of w and Ow/dz across the contact surface gives Ow/dz = 
0). The assumption that Z’ = 0 will be maintained here, whether 
slip occurs or not. 

In consequence of the symmetry one sphere only need be con- 
sidered which, following Hertz, is taken to be a semi-infinite solid. 
The problem in elasticity therefore reduces to the ‘‘problem of 
the plane’’ in which the surface tractions are given over the whole 
To summarize the boundary conditions: 


[19] 


boundary. 

1 In the locked region, X and Y to be specified, consistent 
with Equations [5], [6], and [16]; Z’ = 0. 

2 In the slip region, X and Y given by Equations [17] and 
[18];Z’ =0. 

3 Outside the area of contact (r > a); X = Y = Z’ = 0. 

The solution to the boundary-value problem in elasticity de- 
fined in the foregoing is obtained by the methods employed by 
Cattaneo (12) and Mindlin (13) in studying the effects of a tan- 
gential force acting between two spheres in static (as opposed to 
rolling) contact. Reference should also be made to Love (14 
(page 242). 
Static Contact 

Mindlin shows first that the tractions 

iy l 
Xa — -———_,,, Y=0 (20) 

27a (a? — r*)/? 


produce displacements® over the circle of contact 
(2 — v)T, 


- v = 0. 
4Ga 


u = constant = Joie od 
which correspond to no slip over the whole of the contact area, 
under the action of a static force T,. 

Examining this solution for the case of rolling contact we see 
that the tractions of Equations [20] satisfy the symmetry condi- 
tions [5] and [6], and since du/dr = dv/dr = 0, the displace- 


6 In what follows, u and v, without subscript, denote displacements 
in the plane z = 0. 
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ments satisfy the no-slip conditions [14] and [15] with the result 
& = & = 0; ie., no creep occurs. It would appear therefore 
that the tractions [20] and the displacements [21] also provide 
a solution to the rolling problem, for materials of perfect elas- 
ticity and with all slip prevented. It is interesting to note 
that the exclusion of a region of slip leads to zero creep velocities. 
This result might be expected from energy considerations, since 
slip provides the only mechanism in an elastic solid to account for 
the external work done by the tangential force when creep occurs. 
It is obvious that only an academic solution has been found, 
since the infinite traction at the boundary of the contact area (r = 
a) insures that some slip will in fact take place. If slip occurs 
in a direction parallel to the z-axis over the whole contact area 

then the tractions are taken to be 
X = aun (a? — r2)'/4* Y=QO [2° 

2ra* 


which are shown to give rise to surface displacements 


9 
” 


Me ‘ : : 
u = —— [2(2 — v) (2a? — x? — y*)+ v(z? y?) 
64Ga? : 
[23 
3uN 
v= —— 2yry 
64Ga* 
Cattaneo’s device of adding tractions 
' a’ \3 3uN ; 
xX’ = -{ a’? — 7) yr (24) 
6 27a’ ’ 
over the circle 0 < r < a’ results in total displacements 
,  dspNn(2 — v) a” } 
C7 32 ee her = const | 
16Ga - > O<r<a’.[25 


’ 


vt+v =0 


Thus the combination of tractions [22] and [24] results in no slip 


over the circle 0 < r<a’. This result defines the locked region 
as a circle concentric with the circle of contact and the slip re- 
gion as an annulus whose width increases with tangential force 
Experimental evidence of ar annular region of slip in static con- 
tact has been obtained by Mindlin, Mason, et al. (15), and John- 


son (16). 


Rolling Contact 

(a) Longitudinal Force. At first sight it would appear that 
the combined tractions [22] and [24], together with the corre- 
sponding displacements, provide a solution to the case of rolling 
contact. Both tractions are even in z, satisfying condition [5}, 
and nowhere exceed uZ, satisfying [16]. 

In the locked region 0u/d0x = dv/dxr = O which satisfy condi- 
tions [14] and [15] with zero creep. It will be shown, however, 
that the remaining condition is not satisfied; the direction of rela- 
tive motion does not oppose the frictional traction throughout 
the annulus of slip. 

The displacements outside the contact area (r > a) due to the 
traction of Equation [22] acting alone have been evaluated pre- 
viously (17) with the result? 
ou ss: SuN(2 — v) z 2 


awn 

f a a a? \'/?] | 

sin~! ~ _ - 1 — =) ? .. [26] 
Ov 


oz 16Ga* 


= 0 | 
Ox 
— / 
7 The approximation involves neglecting terms whose order of mag- 
nitude is »/2(2 — »), i.e., 0.09, compared with unity. 
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Within the contact area (r < a), from Equations [23] 
Ou 3uN on 


3uN 
Sv)z, = 


os ~~ 32Ga" 


Or 32Ga* 
Replacing a by a’ in Equations [26] and [27] and multiplying 
by the factor —(a’/a)* gives the values of 0u’/z and Ov’/Oz, re- 
sulting from the traction X’. These expressions, together with 
the resultant value of 0u/dr due to X + X’, are sketched, for 
, = 0, in Fig. 3(a@ It will be seen that in the annulus of slip 
Ou/dxr is +ve for z < 0, and —ve for zr > 0. Over the locked re- 
gion 0u/dc = Ov/dx = O, from which it follows (see Equations 
14] and [15]) that the creep velocities AU’ and AV are zero. 

The relative velocity components between the two surfaces at 
any point are given by Equations [12] and [13]. Noting from 
Equation [26] that 0u/dz is an odd function of z, and that dv/dzr 
= (), it follows that 


s, = 0 [28) 


(z, y, U), 
Or 
The traction X is positive over the whole of the annulus of slip, 
while the relative velocity of slip is also positive over the region 
0, 2 result which entirely contradicts the physical law of fric- 
won 
In order to obtain a more correct solution to the problem of roll- 
ing contact it is necessary to redefine the locked region. Follow- 
ing the two-dimensional solution of Poritsky, the example of 
creeping belts and also the foregoing results, we are led to expect 
slip to take place after the contacting points have passed through 
the locked region. As a tentative solution, let it be assumed 
that the locked region remains a circle of radius a’ but is moved in a 


8 Making the same approximation as in Equation [26] would give 
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position so as to be tangential to the contact circle at the leading 
point (—a, 0), Fig. 3(b). Its center would then be at the point 
(—c, 0) where 


20 


The traction X and the accompanying displacements of Equa- 


23] remain as before, but the added traction becomes 


( a’ ) 3uN 
a 27ra’* 


tions 


where 


This traction results in 


ou 3uN on 3uN 
= . (4 — 3r)(x c). . vy 
Or 32Ga* or 32Ga* 


which, when added to Equations [27], give over-all values 


Ou Sun (4 3v)¢ or 


or 32Ga! ’ Or 


Noting that for negative values of U the locked region should 


be tangential to the circle of contact at (a. 0), so that ¢ becomes 


negative, Equations [33] satisfy the no-slip conditions [14 


and [15] in the assumed locked region, with the result 


AU 


" 3uN (4 ov 
os he 


=-=— 34 


160 ra 


The creep ratio in the z-direction is in this case no longer zero 
The value of a’ can be obtained from the equilibrium condi- 


tion [7], which gives 


(a) Mindlin’s solution for static contact 
Slip takes place in 


Fig. 3 
under tangentia! force. 
the annulus a’ < r < a. Relative slip ve- 
locity is proportional to (Ou/Ox + Ou'/Ox) 
which is positive in shaded area. (b) Modi- 
fied solution for rolling contact. Locked re- 
gion is taken to be circle radiusa’. (Ou/Ox + 
Ou’/Ox) is constant, corresponding to no slip, 
over this circle. Slip velocity remains posi- 
tive in chaded area. 
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whence 


c a’ T, \'* 
—ef- —e] <j] = —— ‘arenen ae 
a a uN 

Substituting in [34] gives an expression for the creep ratio in terms 
of the tangential force; viz. 


3uN (4 _— 3v) 1 ( 1 ee - 
16Ga? “ar 


It will be seen that the combined tractions X over the slip region 
and X + X’ over the locked region satisfy the required conditions 
of Equations [5] and [16]. 

It remains to examine the direction of relative slip outside the 
locked region. In this case, because of the traction X’ 


[37] 


&, = 


du’ —- Bu N(2— v) zr +e 2 ) 
oz 16Ga? aoe 
ae a’ a’ a’? \'/2 
sin — 6p m4 1 — 2 [ 38] 
dv’ 
-=9Q 
or | 


in the region r’> a’. Thus the net value of du/dz in the region 

of slip is given by adding Equations [27] and [38], and is drawn 
for y = 0 in Fig. 3(b). The relative velocity between the two 
surfaces in this region is found from Equations [12] and [13], 
which give 


) 
3uN(2 —v) x +e 
7 8Ga? a 
9» ; 2 i : 
: a 2a a 0) 
[1 - ani + — — (.- ;) ] - [39] 
, , 2 
r vr fT r 
| 
— | 
& = 0 } 


The value of s, given by this expression is found to be positive 
and hence in the same direction as the traction in the shaded area 
of Fig. 3(6). The existence of an area in which the law of friction 
is contravened implies that the assumed circular shape of the 
locked region cannot be correct. The shaded “‘area of error’’ is, 
however, in no event large compared with the total area of applied 
traction (< 8 per cent) and becomes small both when 7, — 0 
and when 7, —~ uN, so that the foregoing solution should repre- 
sent a reasonable approximation. 

(b) Transverse Force. The transverse creep &, associated 
with a transverse tangential force 7, may be obtained without 
difficulty by the same method. Mindlin’s solution for static 
contact gives a concentric circular locked region, with tangential 
tractions which are everywhere positive and parallel to the 
tangential force T,. Applying this solution to the rolling prob- 
lem and investigating the direction of slip in the annulus a’ < r < 
a, again results in slip velocities which are approximately parallel 
to the tangential traction (i.e., parallel to oy) and positive in the 
shaded region of Fig. 3(a), where z <0. We were led, therefore, 
to expect that in the case of a transverse force also, slip will take 
place at the trailing edge and not at the leading edge of the circle 
of contact. As before, the locked region is taken to be a 
circle tangential to the leading edge at the point (—a, 0). 

With 7, acting alone, the system is symmetrical about oz, 
which leads to conditions similar to [5] and [6] which must be 
satisfied by the surface tractions, and to conditions similar to 
[14] and [15] which must be satisfied by the surface displacements 
in the region of no slip. 

It may be shown that the tractions 
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Y+Y'= 


27a? 


a’ \? 3uN : od 
- —- (g’? — 7’2)/8 
a 27a’ 


satisfy the necessary conditions and result in strains 


Ou Ov 


= (), -~_= 


Or Ox 


3uN(4 — vc 
32Ga! 

over the circle of no slip r’ < a’. 

and a transverse 


These values correspond to 


zero longitudinal creep (&, = 0) creep given by 


3uN (4 — v) | ( rs 
po 1 -(1--*) ] [41] 
16Ga? BN , 
This result compares with Equation [37] 
creep. The distribution of surface tractions is the same in each 
case and is everywhere parallel to the applied force. 

It is still necessary to confirm that the direction of slip opposes 
the frictional traction. The relative velocity in the slip region 
has been calculated and, as before, turns out to be approximately 
parallel to the traction (in this case Y) and of negative sign 
everywhere except in the shaded portion of Fig. 3(). 

The theoretical results just derived have all been obtained for 
The slight warping of 


wer 


longitudinal 


for the 


a system comprising identical «spheres. 
the contact surface which occurs when a sphere rolls on a plane 
or when the two bodies have unequal elastic constants is ignored, 
but the experience of Tabor (6) suggests that its influence is 
small. Dissimilar elastic constants make the distribution of 
equal creep velocities to each surface in Equations [10] and [11] 
untenable. However, by distributing creep velocities AU; and 
—AU:., AV; and —AV; to the sphere and plane, respectively, 
where AU, + AU, = AU and AV, + AV; = AV, it may be 
shown that for bodies having elastic constants », Gi, and v%, Gz 
the net creep is given by 


~_ 


E= = [E(r:, Gi) + E(v2, Gz)]...... . [42 


and [41] apply 


in which the results of Equations [37] 


Experimental 

To check the validity of the theoretical results, particularly 
in view of the approximations involved, simple experiments were 
designed to measure the creep due to both longitudinal and 
transverse tangential forces. 

The apparatus is shown in Fig. 4. Two hard steel balls of 1- 
in. diam were mounted on a spindle by soldered joints. When 
placed in contact with a plane, in fact, a hard steel parallel strip, 
the balls were free to roll with equal velocity in a direction per- 
pendicular to the axis of the spindle. The balls were loaded by 
two hangers mounted on small ball races at each end of the 
spindle. 

A longitudinal tangential component of force at the contact 
between each ball and the plane was obtained by tilting the plane 
through an angle 8 in the direction of rolling. The system was 
restrained from free rolling down the incline by strings, parallel 
to the plane, passing over pulleys mounted at the ends of the 


spindle. Reference to Fig. 4(a) shows that the contact force is 
now inclined at an angle a to the plane, given by 
 & R 
— = tana = — tan 8 
N 
R+-D 
2 


where /? is the radius of the pulley. 
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Fig. 4 
Application of a longitudinal] tangential force. 


QR 


< 7 


NTACT CIRCLE RAD 
Fig. 5 Experimental! variation of creep with increasing area of con- 
tact, obtained by increasing normal load 


The system was rolled slowly up the plane for a distance L = 10 
in. by pulling on the two strings, and then allowed to roll slowly 
back by gradually releasing the strings. The spindle returned 
to its initial angular position relative to the plane with the spheri- 
cal knob K resting in contact with a parallel slip placed on the 
plane. The longitudinal creep of the system down the plane (de- 
noted by 6) resulting from a traversal up and dowu the plane 
was measured by micrometer or, in cases where greater sensi- 
tivity was required, by observing a line scratched on the spindle 
by a microscope mounted above. 

Both the balls and the plane possessed a good surface finish. 
Before each experiment they were cleaned, washed in benzene 
and ether, and wiped dry. 

$y use of Equation [3], the Expression [37] for the longitudinal 
creep may be written 


6 (4 — 3r) a tan a\/* 
= ——, = — ete ) [43] 
2L 2(11-—v) D m 


Thus for a constant value of tan a, the creep should be propor- 
tional to a/D. 
was varied by increasing the load. 
6 with a is shown by the experimental results plotted in Fig. 5 
Macroscopic sliding began on the downward run at tan a = 


The ball diameter D remained unchanged, but a 
The direct proportionality of 


0.09, compared with values of u = 0.12-0.14 measured in steady 


rectilinear sliding. Fig. 6 is plotted from the slopes of the 





(D) 


Fxperimental apparatus for measuring creep under action of tangential forces. (a 


b) Application of a transverse tangential force. 


Fig. 6 Comparison of experimental longitudinal creep measure- 
ments with theoretical analysis 


straight lines of Fig. 5 and compared with Equation [43], drawn 


for u = 0.09. 

The application of a transverse tangential force was obtained 
by tilting the plane through an angle perpendicular to the direc- 
tion of rolling as shown in Fig. 4(6). The plane was maintained 
horizontal in the direction of rolling so that the pulley strings 
could be dispensed with. The rolling motion was produced by 
hand so that the velocities of rolling, as in the previous experiment, 
were very small, certainly less than 10 fpm. The transverse 
creep displacements across the plane due to a double traversal 
The procedure was the same as 
In this case inter- 
Transforming Equation 


were measured by micrometer. 
before and the results are shown in Fig. 7. 
mittent sliding began at tan a = 0.11. 


tan a\'/! 
b-(-5)"].m 
im 


which is plotted for comparison, putting uw = 0.11. 


[41] gives 


0 u(4—v) a 
21i-—v) D 


The experiment was repeated with the surface flooded with a 
normal lubricating oil. It will be seen from Fig. 7 that the coeffi- 
cient of limiting friction has been reduced by the lubricant, but 


only from 0.11 to 0.09, although it is evident, from the low value 
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Thus the 
addition of a lubricating oil at rolling velocities too small to intro- 


obtained dry, that grease films were still present. 


duce any hydrodynamic action, has little effect upon the creep 
process. ‘3 

Comparing the experimental results with the theoretical rela- 
tionships of Equations [43] and [44], reasonably good agreement 
is found, particularly for small values of 7(7 << uN) and again 
just before sliding begins (77) —~ uN). The discrepancy is most 
marked in the intermediate range and is greatest at 7 = 0.75uN 
when the theoretical creep is about 25 per cent less than the meas- 
ured value. The principal assumption underlying the theoretical 
treatment is that the locked region is circular and tangential to 
It has been 
pointed out already that this assumption cannot be exact since 
it leads to slip velocities which are inconsistent with the direction 
of the assumed traction over the shaded area shown in Fig. 3(). 
This area of error, although never large, reaches its maximum 
It would seem 


the circle of contact at the leading point (—a, 0). 


value when a’ = 0.6 a; i.e., when T = O0.72uN. 
reasonable to conclude that the departure of the true locked re- 
gion from its assumed circular shape is the principal reason for the 
discrepancy between the experimental and theoretical results. 
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Fig. 7 Comparison of experimental transverse creep measurements 
with theoretical analysis 
APPENDIX 
Limiting Solution for Small Tangential Forces (\T << uN 


If the tangential force is small compared with the limiting fric- 


tion force, the expressions for the creep, Equations [37] and [41 
reduce to 
" (4 3v . 
= 16Ga2* - 
a (4—yp r 16 
= 16Ga2 


Under these circumstances the slip is confined to a thin “new 
moon”’ 

It is of interest to examine the limit to which the corresponding 
tractions tend when T < wN. With the aid of Equation [35 
the tractions XY + X’ of Equations [22] and [30] 
in the form 


at the trailing edge of the circle of contact 


may be written 


; 7 3T. (a2 — r)'/2 — (a’2 — r’2)'” " 
X +X’ =— - : ; [47 
24 qe —e@°* 
Now the limit of this distribution of traction as a’ is made to ap- 
proach a (i.e., 7, — 0) may be shown without difficulty to be 
the traction 
ia a+z 
. ==ee 
X= ; [48] 


2a? (a? — r?)/? 
Similarly, in the case of a transverse force the traction becomes 
7, a+r 


Y =—* 


= [49] 
2ra* (a? — r?*) 


2 

Rather surprisingly, the magnitude of these limiting tractions rises 
to infinity on the boundary of the circle of contact except for the 
point (—a, 0) where it is zero. Physically, this zero value corre- 
sponds to the imposed condition that there should be no slip at 
this point 


The Vibration of a String Having a Unitorm 


Motion Along Its Length 


In calculating the natural frequencies of a power chain or 
belt it is usual to use the theory of vibrating strings. However, 
the speed of the chain or belt may be a considerable fraction of 
the wave velocity as given by (7p It might be expected 
hat this would have a marked effect on the natural frequencies. 
This is shown to be so and the formula for the natural frequen- 
cies of a moving string is obtained. The problem of the forced 
vibration of the string is also considered. 
natural frequencies of strand of power 


the 


In calculating the 


it is customary to use usual formula for a vi- 


a (p) 


n = Il, 2, 3, , T is the string tension, 


chain or a belt, 
Dbrating string, viz 


and p is the mass per 


init length of the string 


The differential equation which must be satisfied by points on 


the string is 


y p v3 is the velocity with which a 


wave will travel along the string. 


known that 
In a powe! chain the values 


of T and p are su h as to give values of the wave velocity not far 


different, in some cases, 
t unnatural to think that this circumstance might 


from the velocity of the chain itself. It 


is therefore no 
have some influence on the natural fre quencies ol the strand It 
turns out to have a most important influence if the chain speed is 
i significant fraction of the wave spec d 

t more difficult, problem of the lateral vibration 
7. W. Hous- 


that problem the differential equation was obtained 
This method will be 


The similar 
of a pipe carrying a flowing fluid has been solved by ¢ 
ner In 
tion of Hamilton’s principle 


by the ippli 
Later it will be shown how the differential equation 


used here 
ean be obtained in a much simpler way, and in fact it is not at all 
difficult to obtain method. But by 


this latter method it would be easy to overlook at least one of the 


it by the usual Newtonian 


force components on an element of the string if the result from 
the more powerful methods were not available 


For smal] displacements (Fig. 1) the velocity of the string 
in the z-direction is v and in the y-direction is: 
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Fig. 1 
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According to Hamilton’s principle the variation of 


fr 


ind V ure, 


is zero where 7 respectively, the kinetic and potential 


energies ol the svst« m, 1.e 


seen that 7’ is given as follows 


2 


The potential energy V is obtained in the following way 


It is easily 


T = 


dV = T(ds — dz 


Hence and by making the usual approximations 


72 2 
V> L(Y) a 6) 
z, 2 Oz , 


Substituting the values of 7 and V from Equations [5] and [6] 
into Equation [4] 


(eile ers l 
: , ply? + (y + vy’)?) T\ yah dxdt = 0 
Ju Jz, '2 2 f 


Performing the variation gives 


t 2 
Ply + vy oy + voy 
ih J 


The products here are expanded and making use of the relations 


re) 7 ra) 
oy = by and oy’ = 
ot Ox 


Ty'by'|\dz dt = 0 


(dy) 


Equation [7] can be written 


tz zt | Pe) fa) 
‘ y (dy) + vy (dy) + vy’ 
J, i) LY 2 ou ’ 


re) 
(dy) 
he 


R) r) \ 
+ yy’ é6y) | — Ty’ — (6y) > dr dt = 0 
vv 2 au] veut 


When each term is integrated by parts, the following differen- 


tial equation is obtained 
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2 2 acme 2 
. on oe (Tom Oy HL o........18) 
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As may be verified, the solution of the differential equation is 


vp + (pT) 
y = Cicosw i+ (Bre =) «| 
a 


. =— m\'/s 
T) 
+ C,cosw|t+ (*- ait dt “) ee [9] 
T — pv? 
or 


vp + (pT’)'? 
y= Csinw [t+ Ga = ) =| 
ll A 
vp — (pT)? 
+ Cysinw [t+ (% = )=| P 10] 
— pv? 


Choosing Equation [9] and the boundary conditions z = 0, y = 


0, andz = l, y = 0 the following equations are obtained 


T — pv’ , 


[ ( p — (p7 
cos w@ | r ou 


It is therefore concluded that 


at P (3 eT) -) i] 
oa al J 


And hence 
ho Sees, on alt 
Qi pT )'”* 

If v is zero, Equation [11] reduces to the usual form for the 
natural frequencies of a vibrating string as given in Equation [1 
If the tension 7 is composed wholly of centrifugal tension the 
natural frequency is zero. The relation and the 
dimensionless ratio pv?/7' is shown graphically in Fig. 2. 

It is seen that a lightly loaded high-speed chain or belt coul 
be excited to resonance by periodic forces of quite low frequency. 


between f 


It is interesting to note that EXquation [8] can be derived in a 
quite different way. Consider a co-ordinate system z’ moving 
with the string. Relative to this co-ordinate system the wave 


equation is 


Or" 0*y . 
2 12 
= < s —T sons DRE 
ox’? 
where ¢ = 7 p *is the wave velocity. The general solution of 
Equation [12] is 
y = F(z’ — ct) + Foz’ + et)........... [13] 


where F; and F, are arbitrary functions which represent progres- 
sive waves moving in opposite directions along the z-axis. 
The transformation equation relating the moving frame z’ to 
the fixed frame z is 
a’ mz — vt... we “e ..- [14] 
The result of applying this transformation to Equations [12] 
and [13] is 
o*y 7, o*y 7 
) = os § 


—— v = ic 
ot? oxdl oz? 
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and 

y = F,[z — (ec + vot] + Fe[x + (c — vd 16 
Equation [16] is the general solution of Equation [15], which is 
seen to be dentic l with Equation [8]. The solution now corre- 
sponds to waves moving in opposite directions with speeds (c 
v) and (¢ — v), respectively. 


source ol 


If the waves on the string are excited by a periodic 
angular frequency w, Equation [16] takes the form 


= ae (4-s¥s) + pei (tz) , — [17] 


} 


where A and B are the (complex) amplitudes f the 


A simple e ile is the case of a belt passing over two pulleys, 


} 


one of which is mo inted eccentric lly, so that a displ icement 


is applied to the belt at z = 0, while y = Oatz l 
two boundary conditions, the amplitudes A and B are easily 


calculated 





! : (19} 
As — — 9] 
~ui( 3 = a ) 
_ e+v c— 
a 
Ba eee . (20) 
iat (=; + =) 
Del c+ e=s 
The absolute values of the amplitudes are the same 
|4| = |B] = — = 21] 


wl ] l ) 
aE _—— _ — 
2 c+v e-—v/| 


Resonance occurs when the denominator of Equation [21] becomes 
zero, corresponding to infinite amplitude. The condition for 


this is 





This result can be written in the form 


l l 
7 ao © oF. 


Crt e=~s 





[23] 


where T = 27/w is the period of the excitation. Equation [23] 
shows that resonance takes place when the time for the wave to 
travel from the eccentric pulley to the smooth pulley and back 
is an integral multiple of the number of revolutions of the eccen- 
tric pulley. The resonance condition is identical to Equation 
{11}. 

The foregoing work also should apply to the vibration of a gas 


column when the gas is in motion along its containing cylinder. 





The Synthesis of a Four-Bar Mechanism for 
Prescribed Extreme Values of the Angular 
Velocity of the Driven Link 


By J. HIRSCHHORN,! 


The ‘‘component method”? of synthesis of four-bar mecha- 
nisms was discussed in detail in a previous publication.?, The 
present paper shows the application of this method to the syn- 
thesis of four-bar linkages with prescribed extremes of the 
angular velocity of the driven or output link. 

In THE four-bar mechanism, Fig. 1, the driving crank ¢ which 


revolves with a constant angular velocity w, causes the driven 


g 
link s to oscillate. Thus w, is variable both in magnitude and 
sense. 

It is desired to design a linkage which would give prescribed 
values of maximum , and minimum w, with a specified constant 
w, and a given length p of the fixed link 

The configuration, velocity, and acceleration diagrams of this 


mechanism are defined by the following equations 
Configuration diagram 


4 ' 
, ; ‘ | Of, TO, ™ 
Velocity diagram 


t W,r 


Wod2 


+ w,*r, 


: 2 
Acceleration bed Be 


diagram 


[6] 


2 ~~ 
| w.%g, + &,'r, ar 


In the present case, because w, is either a maximum or a minimum 


and Equations [5] and [6] reduce to 


. . ( » 2 4 y 2 + as ii [Sa] 
Acceleration diagram } @e %z 7 @r’s T Gy = © [9a] 


for extremes of w | ot » 2p = 16 
e { WO, TT, — 2,7, = [6a] 


From Equations [1] to [4], [5a], and [6a], the z and y projec- 
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Fig. 1 Configuration diagram. Angular 


accelerations a. 


velocities w; angular 


tions of the links may be expressed in terms of the other quanti- 


ties as follows 


, , ° 
fos as 1 > —_ 4) )%) 4 
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By combining these equations in pairs, the lengths of the links 
may be calculated 


2 2 I 
? q@ity 
p? Pp? 
w,*ar,* T (w, aoe oe, *w,*w,* ae 


r . 7. ’ 
a, *[(w, w,)(w, = w,)* T a,*] 


__ &,'a,? + (w, — &,)*w,*w,* 


(w, — w,)*[(w, — w,)(w, — w,)® + a,'] 


2 2t,3 
nm onttty 


p* p* 


2 
eee UE 
(w, — w,)%w, — w,)*? + a,? 


[15] 


Denoting by the suffix 1 all variable quantities corresponding to 
maximum w,, and by the suffix 2 those referring to minimum w,, 
the following system of three equations is obtained 
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From [13] 


9 , 2 2 > 
517Q,1? Tt (Way mm Wr )°W1 “Wr ° 
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Ws)? [(W, — Wri 2(W,1 — Wy)? tT A1"} 


2 ‘ . 
W272? + (Wee — Wy2)*Wy27v,2? 


= 
9 — 2)*[(w, 


From | 


From 


Ws? 
— Wy2)"(W,2 
Elimination of a@,.? from Equations 
I(w, 


(w, 


— W,2)' 


(WwW, — Ws)? 
Elimination of a@,;? from Equation [19] leads to 


— @,2)° 


127(W, — Wee 2 f ww 
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a ae, ee, 120 
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The term 7 on the right-hand side of Equation [20] is similar 


to the left-hand side, except that the suffixes 1 and 2 are inter- 


changed. Equation [20] is a cubic equation in w. and w,.. Since 
it contains two unknown quantities it is obvious that the problem 
has an infinite number of possible solutions. 

The best method of obtaining a definite result is to assume a 
value for either w,; or @,2, within limits set by the following 
criteria 


Wi [W, (31 = Gy). W,i(3W,; 


Ws2[W,(BW,2 — Wy) — Wye(dwy2 


The foregoing expressions represent the second time derivative 


. d*w, 

oe de 
of the angular velocity of the driven link at the instant when the 
latter assumes its extreme values (see Appendix for derivation 

After selecting a suitable value for w,; in accordance with Ex- 
pression [21] the cubic equation is solved. Of the three roots of 
this equation, the one which satisfies Expression [22] and yields 
positive values for a@,,? and a@,.? has physical meaning. 

It is worth while to note that, if either w,; or w,2 be taken as 
zero, the cubic equation will reduce to a quadratic one, simplifying 
calculations considerably. 

The following also should be borne in mind: In the case of an 
oscillating-lever mechanism, i.e., a mechanism in which the 
driven link performs an oscillatory motion, w,, and w,2 have op- 
posite sense 


@®,1 > 0, W.2 < 0 
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a mechanism in 
which the driven link revolves in the same sense throughout 
its motion, w,; and w,. are both positive 


In the case of a double-crank mechanism, 1.€., 


and @,. <w 


@,1 > @, ¢ 


Example 1. Oscillating-Lever Mechanism 
Design a linkage to satisfy the following conditions 


10 rad /sec 


6 rad /sec 


Angular velocity of driving link 
Maximum angular velocity of driven link 
8 rad /sec 


10 in 


Minimum angular velocity of driven link 


Length of fixed link 


In this case w,, may be taken as zero since this value agrees with 
21) 


With the foregoing values Equation [20] reduces to 


Condition 


21,2? 60,» 108 = 0 
The two roots of this equation are 
= 1.25 rad/sec 
We 


The first root does not satisfy Condition [22] and is discarded 


The second root agrees with Condition 22) and vields positive 


values for a,,? and a@,2? 


(an? = 197, a? = 3740 


These results are substituted into Equations 


the link projections are calculated: 

Position 1 (corresponding to max w 
0.78 in Qy = 3.32 in 

5.53 in 


— 1.30 in. ; = 


y 


9.48 in r, = 2.21 in 


Position 2 (corresponding to min w, 
q. = 3.03 in 
0.46 in 
= 6.51 in 


mechanism is shown in Fig. : 


Position | 





q, Position 2 


Fig. 2 Oscillating-lever mechanism 


Double-Crank Mechanism 


Design a linkage to satisfy the following conditions: 


Example 2. 


Angular velocity of driving link..... @, = 10 rad/sec 
Maximum angular velocity of driven link @, = 15 rad/sec 
Minimum angular velocity of driven link 


5 rad/sec 
Length of fixed link. p = 10 in. 


W. = 
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Fig. 3 Double-crank mechanism 


In this case, in 8.33 rad/ 


order to satisfy Condition [21], a, 
} 


sec. However, further calculations reveal that, if only integer 


numbers are considered, the choice of suitable values of @,; 1s 
limited to the range 11 to 18 rad/sec, as values outside this range 
give negative a@,,? and a»? 


With 


duces to 


a selected value of w,; = 15 rad/sec, Equation [20) re- 


10w,,3 — 225w,2? 1500,» 3125 


This equation has only one real solution of @,» 


which satisfies Condition [22] and yields 


a? = 9490 and a,,? = 703 
The link proje tions are as follows 


Position 1 (corresponding to max w 


30.00 in 
25.24 in 
15.40 in 


gq, = 30.00 in q, = 0.00 in 
20.00 in s, = 15.40 in 
0.00 in y = 15.40 in. 


Position 2 (corresponding to min , 


23.32 in 18.85 in 


24.42 in 6.30 in. 


90 in 12.55 in 


The mechani shown in 


APPENDIX 
Derivation of Equation 


s las ie i ’ 
a, = W, (Wl OW, We 


Equation [5] is multiplied by r,, Equation [6] is multiplied by 


Ty and the two resulting equations are added together, thus 
eliminating @, 


O92" 2 


Since the terms 


G72 + Uy) and 





Fig. 4 


are recognized, respectively, as the scala products qr and ?§, and 


the term (r,s, - ry 8, as the vector product ? X §, Equation [23 


may be written in the following form 


c+) %,) + w,? 


9 


= w,’rs cos (o, — @ a,rs sin (@, — @,) 24 


Equation [24] is now differentiated with respect to time and, with 


a, =U0anda = 0), the following relation is obtained 


Sin Do ®, 


sin (Q, 9,) + @,8 51n (Q, 9, 


Next, @,r is expressed in terms of the other quantities, thus 


Equation [5a] is multiplied by —r,, Equation [6a] is multiplied by 


, and the resulting equations are added together, giving 


) Qa, 


aq sin 9, Q, 


from which 


ar = w,*q sin (d, 9, »,*s sin (¢, d, 


Substituting Equation [28) into Equation [25] vields th 
ing expression tor @ 
3w, w,) sin (gd, ,) 
$ Sin (@ 9, 


oy 


Since the velocity of the point Q in the direction Q-S is equal to 
the velox ity of the point S in the same direction, Fig t 


gq sin (¢, ?,) = w,8 sin (g, ?, 


and Equation [29] becomes 


a W,(3W, — w, 


s 


Note: This is not a general expression for a@,, but one which is 
valid only if we is constant and «, is either a maximum or a minimum. 








Natural Forcing Functions in 
Nonlinear Systems 


By T. J. HARVEY,? PALO ALTO, CALIF. 


The response of nonlinear, second-order systems is examined 
from a new point of view which greatly simplifies presentation of 
the usual frequency-response diagrams. The use of ‘‘natural’’ 
forcing functions results in a general equation relating the maxi- 
mum amplitude of the applied force to the maximum amplitude of 
the restoring force. The relationship is found to be a function of 
the ratio of the period of free oscillation to the period of the forc- 
ing function. The results apply for any second-order system 
without damping and with a nonlinear (or linear) restoring force. 
The special cases of a linear system and of Duffing’s equation 
are considered to illustrate similarities as well as differences be- 
tween treatment of linear and nonlinear frequency-response 
problems. 


Nomenclature 


Tue following nomenclature is used in the paper: 


y(t) = dependent variable 
®, = natural circular frequency of single-degree-of-freedom 
linear system 
w = circular frequency of forcing function in Equation [1] 
t = independent variable 
f(y) = restoring function defined in Equation [2] 
K = quantity defined in Equation [4] 
Yo, 2 y and first derivative of y evaluated at t = 0 
¥:2 = dummy variables of integration 
T = period of oscillation 
I(a?) = integral defined in Equation [9] 
7’, = period of free oscillation 
6 = ratio of forcing function to restoring function defined in 
Equation [13] 
To = period of free oscillation for infinitesimal an plitude 
m = amplitude (max) of restoring function 
p = amplitude (max) of forcing function 
n = variable introduced in Equation [21] 
C. = constant multiplier of y? in Duffing’s equation 
a, 8 = quantities defined in Equations [27] and [28] 
C = ratio, a/8 
@ = variable introduced in Equation [33] 
a mV/C2 
“wn 
Introduction 


Interest in the frequency response of nonlinear systems has been 

1 This paper was originally prepared as a thesis for the MS degree 
in Engineering at the University of California at Los Angeles. 

?Group Engineer, Structures Department, Lockheed Missile 
Systems Division, Palo Alto, Calif 

Contributed by the Applied Mechanics Division for presentation 
at the Annual Meeting, New York, N. Y., November 30-December 
5, 1958, of Tae AMERICAN SocieTy OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1959, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 29, 1957. Paper No. 58—A-6 


generated by the behavior of linear systems—ir particular, the 
resonance phenomena which they exhibit. The equation used 
to study the frequency response of linear single-degree-of-freedom 
systems is 


i(t) + w,2y(t) = A sin wt. (1) 


A natural extension of Equation [1] for study of nonlinear systems 
is 
7 +w,7f(y) = A sinwt.... [2] 

where f(y) is a nonlinear function of y, as in f(y) = (y + y'), for 
example. Many investigators have studied Equation [2] in de- 
tail and obtained solutions which indicate the effects of parameter 
w upon solution y. It is the point of this paper that Equation [2} 
is not necessarily the most profitable one to study. There are 
two major reasons for taking this point of view: (a) In all but the 
most elementary cases, the solution is very difficult to obtain. (6) 
Little use is made of the extensive knowledge already acquired in 
cases where the right-hand side of Equation [2] is zero. The ap- 
proach taken here, then, is one which attempts to find a simple 
method of studying the forced oscillations of nonlinear systems 
by making use of the properties of the free oscillations. 
Basic Equations 

To arrive at a simple method for handling the forced oscilla- 
tions of nonlinear systems, we choose a more general relation 
Instead of letting the 
right-hand side equal to A sin wt, an arbitrary periodic function 


than that expressed in Equation [2]. 


f(a) is chosen 


, ro? 


y + ,7f(y) = f(t) . a} 


Since investigation into the free response of nonlinear systems 


such response is usually rather than 


harmonic, f(t) is arbitrarily designated periodic, rather than har- 


indicates that perio lic 


monic, in this equation. Now, how can f(t) be further defined 
so that a simple, meaningful solution to Equation [3] 
found? 


Because the free oscillations of Equation [3] 


can be 


have been studied 
extensively, it is proposed here that a forcing function which will 


produce oscillations of the same form as the free oscillations 


will lead to a simple solution. 
called a natural 
oscillations having the same period as the forcing function will be 
Regardless of the form of f(y), it is true that f(y) has 


Such a forcing function will be 


forcing function. Furthermore, only those 


considered. 


the same period as y. Thus a function having the same period as 


f(y) also has the same period as y. If f(t) is chosen such that 
f(t) = Kfly [4] 

then Equation [3] can be written 
yj + (w,? — K)f(y) = 0 [5] 


which is identical in form to the equation for the free oscillations, 
with the only difference being that constant w,? is replaced by 
(w,? — K). For this reason, the forcing function defined by 
Equation [4] will produce periodic oscillations having the same 
period as the forcing function, and having the same form as the 
free oscillations of the system. 
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The solution to Equation [5] can be obtained by the method 


of quadratures® 
-_ 'g) 
y2 ns 1/9" . (6) 
fin ay, | 
° 
found by appropriate adjustment of the limit y 


diz 


y? 


has executed one complete 
If a? is fixed, then the 
Defining 


and the limit is chosen such that 1 


oscillation from the initial position y 
value of the integr 


il in Equation [7] is set. 


[11] 


w,?7 2/ 


shows that //w, is the value of the 


which is the period of free oscillation, then 


Ir spection of I 
period when K = 0, 


quation (10 


denhining 


{12 


[14] 


By inspec 1 of Equation [4), tl ty 0 = K/w,? can be 


seen to be the tio of forcing function f(t) to restoring function 


m [14] then allows calculation of the ratio of 


the forcing function to the restoring function for any second-order 


nonlinear system in terms of the period of the free oscillations of 


the system and the pe riod of the forcing function. This holds 


true, of course, only if the forcing function and the response have 
the same period and if the forcing function is a ‘“‘natural’”’ one. 
It should be not 
is in turn related to the amplitude of the response. 


| that 7’, is a function of the parameter a? which 
Therefore 
for constant a?, the parabola defined by Equation [14] shows how 
the input amplitude must vary with the period 7’ to maintain a 
constant output amplitude. Nevertheless, Equation [14] does 
show that use of natural forcing functions allows great use to be 
made of the more readily obtained results for the free-oscillation 
case. 


2“*Mathematical Methods in Engineering,”’ by T. von Karman and 
M. A. Biot, McGraw Hill Book Company, Inc., New York, N. Y., 
1940, p. 113. 
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In engineering problems, greater interest seems to be in the 
ratio of restoring function to forcing function for fixed forcing- 
function amplitude 

There are many cases where the frequency response can be ob- 


manner, Equation [14] can be 


ry (72) I 


The quantity ce 7» relates the way the perk xd of free oscillation 


tained in a straightforward 


written in the for 


is affected by the output amplitude. For a system which be- 
comes stiffer as the amplitude increases (a hard system), 7,,/7's 
will decrease as the amplitude increases. The converse applies 


for a “soft” If 7,,/7> can be expressed analytically as a 


function of the restoring-function amplitude, then the ratio of re- 


system. 


storing function to forcing function can be found as a function of 
If T/T» cannot 


be approximated analytically, then the most straightforward 


T,/T by evaluating the roots of a polynomial. 


method for obtaining this would seem to be to plot 6 versus 7’ for 
several values of response amplitude. Then the input amplitude 
could be calculated by multiplying the response amplitude by 6, 
and the input amplitudes listed as points in the 6 — 7’ plane. Once 
a sufficient number of points have been obtained, curves can be 
drawn through points of equal input amplitude to give the de- 
sired result. 


Application of Equation [15] to a Hard System 


To study the behavior of a hard system, a convenient choice is 
made for the effect of amplitude upon natural period. Accord- 


ingly, the ratio 7',/7') is assumed to be 


16! 


It can be seen that this expression behaves in the manner of a 


hard system since the ratio ve 7's decreases as the amplit ide » 


increases. Substituting in Equation [15] 


since mé = p, then Equation [ 


” 


Pp = Mm : . 
1 + m? 


ig powers of m7 


The roots of Equation [18] have been found for various values of 
p, and their absolute values are plotted versus 7)/7 in Fig. 1 
The 


complex roots, however, do not represent physically realizable 


The real part of the complex conjugate roots is also plotted 
equilibrium positions. The plot shown in Fig. 1 is in qualitative 
agreement with the results obtained by other methods.‘ 

The investigation thus far indicates that the use of natural 
forcing functions allows a simple and meaningful solution to be 
obtained for the fundamental frequency response of nonlinear 
systems. Furthermore, the generality of the method indicates 
possible areas of future study (such as the case where Equation 
[18] is a quintic or higher) which can be handled in a similar 
manner. 

*“Non-Linear Vibrations,” by J. J. Stoker, Interscience Pub- 
lishers, Ltd., London, 1950, p. 86. 
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Application to a Linear System 

To illustrate the nature of the so-called natural forcing func- 
The linear 
system and Duffing’s equation are of greatest interest, and their 


tions, it is useful to treat two special cases in detail. 


study provides considerable useful information. 
To study the linear system, the restoring function is defined by 


fi y)=y 19 


assuming yo = 0 Equation [6] becomes 


{= 


l ad dy 
(w,? — K)'”? q (e* — n* 


letting y. = an 


] dee dn 
(w,? — K)'* J, (1 — 7?) 


The period is given by 


cs 4 . 
T = ZV 
(w,? — K)'/? e 


which can be solved for K 


Equation [21] defines a function’ y(¢ 


y(t) = asin (w,? — K)‘/*t 


ee (= ; 
= asin T 
 , fae 
f(t) = Ka sin r t 


The foregoing derivation indicates the method of determining 
the natural response when the restoring function is given by a 
polynomial in y. Equations [24] and [25] show that the choice of 
f(t) as a constant times a harmonic function of time is the natural 
one for a linear system, and they indicate the reason for simplicity 
of the usual solution for frequency response of a linear system. 


[25] 
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With this in mind, the attempts to apply harmonic excitations in 
the study of nonlinear systems would seem to place unnecessary 
restrictions and difficulties in the path of the investigator 


Duffing’s Equation 


One of the most frequently studied nonlinear equations is 
Duffing’s, in which the restoring function is 


fl y)=yr Coys y(t) 


For the sake of generality, C. is not fixed here. Again assuming 


yo = 0, Equation [6] becomes 
This can be r 


where 


i 


letting 7 = y2/a, Equation [27) becomes 


using Equations [28) and [30], it ean be shown that 


dn 
| om "2_,2)\)° 
7, (CL — 9?) + C%m*)) 
[32] 
letting’ p = cos 
(1 — cy dor 


° 
((w,? — K\1 + =a A (: C? 


= “wer =a sin ) 


Equations [32] and [33] define the function y(t) 


2c? Vs (w2-—K\1+C%)]“* 
y(t) = |= . Cn — ania t. . [34] 
C1 — C?) 1-C 


i= 


*/2 
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which is an elliptic function; the well-known natural response for 
Duffing’s equation. The restoring function now can be calcu- 


lated, and from it, the forcing function 


(fT 20 oy, [Wat — KUL +09) | 
* ica -c 1 — C?) 


indicating that the natural forcing function in the case of Duff- 
ing’s equation is a combination of elliptic functions. This raises 
the question: ‘Will not the unusual wave form of these forcing 
functions render them useless in practical engineering problems?” 
The answer can only be found by comparing results obtained in 
this manner with those obtained experimentally and by other 
analytical means 

To accomplish the calculation of the irequency response for 
Duffing’s equation, the quantity 7,,/7» must be found as a fune- 


tion of restoring function maximum amplitude, m. From Equa- 


tion (54 


used to calculate . and T, 


7 sin? és) 


* quantities 


3) can he 


were calculated for various values of ¢ r./i was then plotted 
ilytical 


How- 


versus A in I ig. 2 It was not possible to find a simple al 
expression which would fit the curve in Fig. 2 in all regions 


ever, the 


expression 
- 


7 l O.461-X O.OLO3A 


a good fit in the region A 12.0 





T T 
-APPROXIMATE VALUE OBTAINED 
FROM '/ = 
OM Tre Vi+ 461 |A]- 0103 








FREE PERIOD RATIO '/,, 











1.0 2.0 3.0 40 


myC, 
2 


Fig. 2 Free-period ratio versus \ for f(y) = y + Cy’ 


In a manner similar to that used for the linear system 


following equality was obtained 


| iF) 
1 + 0.461-.A O.OL03A2 1 


solving for (7 


)-(- Fa 


Using this equation, and knowing that only real values of m are 
4 j , g . 


O.461-A O.OLOSA 10 


setting p, and 
This was done and the 


Results obtained 


of interest, the solutions can be found easily by 
calculating 7)/7 


results are shown in Fig. 3, for w C, = 1.0 


for many values of » 


using Duffing’s solution‘ are also shown in Fig. 3 as dotted lines 
Inspection of Fig. 3 shows that the values are not in particularly 


close agreement. The reason is that Duffing’s solution is only 


valid where C2 1s small This yrocedure was repeated for w.? = 
J 4 


1.0, C2 = 0.1, and the results are shown in Fig. 4. The agree 


ment obtained here is somewhat better, as might be expected 


Figs 3 and 4 indicate that the method of Duffing, and the 


methods presented here, give essentially the same results in 


cases where Duffing’s method is applicable. Duffing’s solution 


gives slightly lower values of 7,)/7 in all cases, which may be due 


either to the differences in wave form ( Duffing used the sinusoidal 
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forcing function, while the elliptic forcing function is used in this 
paper), or the approximate character of Duffing’s solution. This 
idea is supported by the results for p = 0, which correspond to the 
free oscillations of the system. The methods used in this paper 
yield the exact solution in thiscase. Duffing’s solution is approxi- 
mate in the case of the free oscillations, and it is significant that the 
period ratio predicted by Duffing’s solution is lower than that 
predicted by Equation [40] by essentially the same magnitudes 
for the case p = 1.0 as it is for the case p = 0. It may be in- 
ferred then that, since Duffing’s result for the period ratio is low 
in the case of the free oscillations, the same trend could be ex- 
pected in the case of forced oscillations. 


Conclusions 


The use of natural forcing functions as presented in this paper 
provides a useful, exact solution for the fundamental frequency 
response of second-order systems with nonlinear restoring forces. 
The basic equations are applicable to any second-order system re- 


gardless of the form of the restoring force. These equations are 
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in such a form that knowledge of the manner in which the 
natural period varies with restoring-force amplitude is sufficient 
to describe completely the fundamental frequency response. 
This method then provides a link between the extensive knowledge 
of the free oscillations of nonlinear systems and the limited knowl- 


edge of their forced oscillations. Certain questions remain to be 


answered concerning the usefulness of the method in engineering 
problems. These arise mainly from the fact that the wave form of 
natural forcing functions may be quite different from the sinu- 
The 
author feels that these differences are not a major consideration in 
most problems, as was illustrated by the study of Duffing’s 


soidal forcing functions which are of interest to engineers. 


equation, but an experimental investigation of the results pre- 
sented in this paper would be a worth-while project 
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Kinematic Drift of Single-Axis Gyroscopes 


By R. H. CANNON, JR.,2? CAMBRIDGE, MASS. 


A gyroscope can incur steady drift by kinematically rectifying 
angular vibrations of the platform on which itis mounted. The 
phenomenon, for an unrestrained single-degree-of-freedom gyro, 
results from oscillatory precession of the gyro momentum vector 
from its nominal spatial orientation, so that it senses platform 
motions about axes other than the one it is controlling. The 
magnitude of the drift can be accurately predicted and the vibra- 
tion climate of the platform restricted accordingly. Quantitative 
experimental verification is presented. 


Nomenclature 
The following is used in the paper (refer to Fig. 1): 
= spin angular momentum of gyro wheel 
total angular momentum of gyro (wheel plus frame) 
moment of inertia of gyro (wheel plus frame) 
angular displacement of gimbal 


derivative with respect to time 


component of gyro-frame angular velocity (in space) 
about gyro output z-axis 

rotation of gyro frame relative to platform 

total angular velocity of gyro frame; has components 
8) 0° >) 
“g9 “gr ““e 


unit vector 


Subscri pts 
X ' 
= axes defined by gimbal system (not orthogonal, in 
X-axis is fixed, Fig. 1 


: -nera! ) 
Z general); 


z 
y? axes fixed in gyro frame; 
z 


z is “input” axis 


y is spin axis > (orthogonal) 
z is “output” axis | 
Ty 
vf = 
zy J 
Stable platforms such as are used to provide a fixed angular 
reference for inertial navigators,* depend on low-drift gyros for 


axes fixed in platform; (Z, z, and z, always coincide 


! Based on work performed by members of the research staff at 
Autonetics, a Division of North American Aviation, Inc., Downey, 
Calif. The effect was first recognized at Autonetics by T. E. Curtis 
in 1953, and the basic theory was developed by Curtis and W. R 
Evans in 1954. 

? Associate Professor of Mechanical Engineering, Massachusetts 
Institute of Technology. Formerly, Research Specialist, Autonetics, 
a Division of North American Aviation, Inc. 

3 “Inertial Navigation,” by J. M. Slater and D. B. Duncan, 
Aeronautical Engineering Review, vol. 15, no. 1, 1956, pp. 49-52, 57. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
American Society or MecHaNnicaL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 29, 1957. Paper No. 57—A-72. 
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Fig. 1 Stable platform using single-axis gyroscopes 
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GYRO FRAME 


Fig. 2 ‘‘Unit sphere’’ picture of platform geometry 
fixity. When a gyro drifts, the platform follows with resulting 
performance errors of the system being controlled. 

An important cause of gyro drift is kinematic rectification, by 
the gyro, of oscillatory motions of the platform on which it is 
mounted. Such motions are the common result of oscillatory dis- 
turbing torques produced by vibration. Once the 
mechanism of rectification is understood quantitatively, the vibra- 
tion climate of the platform can be controlled to reduce gyro drift 
from this cause to an acceptably low level. 

The model for the present discussion is the unrestrained, single- 
degree-of-freedom gyro‘ in Fig. 1, serving as angular reference for 
the X-axis of the stable platform on which it is mounted. An 
electrical pick-off measures precession of the gyro with respect to 
the platform, o, furnishing a signal which is used by a servo 
system to control the attitude ¢ x of the platform by applying 


airframe 


‘A similar phenomenon in free gyros is discussed in ‘““Nutation of 
a Free Gyro Subjected to an Impulse,” by B. T. Plymale and R. 
Goodstein, JourRNAL or AppLiep Mecuanics, Trans. ASME, vol. 77, 
1955, pp. 365-366. 
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torques to the outer gimbal. The mathematics is simplified by 
considering a gyro without damping. (The results are easily ex- 
tended to account for damping. ) 


Gyro Dynamics 


A gimbal system is shown in Fig. 1, not only to make clear the 
relation between the gyroscope and the platform it is controlling, 
but also to furnish a co-ordinate system for defining the orienta- 
tion of the gyro and platform, the gimbal angles dx, dy, and @z, 
and the gyro pick-off angle o being measurable quantities. 

A “unit sphere’’ picture of the system is shown in Fig. 2. The 
center of the sphere is the center of the gyro. The axes of the 
gyro frame, z, y, z, pierce the sphere to form a rigid octant indi- 
cated by the single solid lines in Fig. 2. The platform axes z,, 
Yp, 2 form another rigid octant shown dotted. (Axes z and Z are 
always coincident, Fig. 1.) The gimbals which connect the plat- 
form to the fixed reference also are shown, the outer gimbal 
pivoting within fixed reference axis X, and the platform pivoting 
within the Z-axis of the inner gimbal. The two gimbals are 
pivoted together at point Y. 

In practice, the angles shown in Fig. 2 are never as large as | 
deg. Therefore tacit advantage is taken of small-angle approxi- 
mations in the development which follows. 

The important relation for a sensing gyroscope is the balance 
of torques about its output axis (Z-axis in Figs. 1 and 2). Let the 
angular velocity of the gyro frame be 2, having components °2,, 
2, and Q, along the orthogonal axes fixed to the gyro frame. 
The angular momentum H of the gyro wheel is considered to be 
very large compared to the momentum of the frame. If the out- 
put-axis bearings are considered frictionless, the only torques felt 
by the gyro frame are the z-component of the gyroscopic torque 
HQ, and the inertial reaction /,0, (where J, is the moment of 
inertia of the gyro about its output axis), so that the balance of 
torques is 

1,0, + HQ, = 0. [1] 
Rectification Mechanism 


The drift rate of the system of Fig. 1 is most easily measured 
in terms of the average rates of rotation of the gimbals, i.e., in 
terms of dy, dy, and @z. The platform servo system is attempt- 
ing to maintain pick-off angle o at null by torquing the outer gim- 
bal; it succeeds to the extent that ¢ is prevented from having an 
average value. From Fig. 2, ¢ is the difference between displace- 
ments of the gyro and platform 


Gut =&.;.. (2) 


Rectification comes about because, in the presence of sinusoidal 
motion $x, the gyro, with its momentum vector H, is precessing 
back and forth past gimbal axis Y in Figs. 1 and 2, so that the 
angular velocity 2, of the gyro frame is made up not only of 
gimbal velocity x, but also of a component O¢y, of the angular 
velocity about the Y-axis, with the result that the gyroscopic 
torque HQ, in Equation [1] contains not only the principal term 
Hx but also a “cross-torque” component H(@¢y). The output- 
axis angular acceleration is approximately (2, & 6 so that the 
balance of torques, Equation [1], becomes 


16 + Hox + HOdy 0... oa 


The third term in Equation [3] can be shown to have an average 
value when @y and @y are in-phase, sinusoidal motions. The 
average value of the first term, 7,9, turns out to be negligibly 
small (Appendix) so that the average value of H@¢y must be op- 
posed by an average value of Héy—and hence by an average 
gimbal drift rate 6,— to maintain the balance of torques 


—(Hdx Jave = (HOdy ave. . [4] 
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Production of cross torque having an average value is demon- 
strated in Fig. 3. The two gimbals are oscillating sinusoidally and 
in phase, Fig. 3(a), and the gyro is responding essentially to the 
principal gyroscopic torque H¢x 

H 


= - 
L, x 


-. 
6 Px 
Iw?“ 
with w the frequency of oscillation, Fig. 3(b). 

Cross torque H@@y contains the product of two sine waves, and 
is therefore a sine-squared wave, Fig. 3(c), which has the average 
value 
HO. 


9 


(T.)ave = ak Y peak 

If dy had been 90 deg out of phase with ¢ x in Fig. 3, the cross 
torque would have had zero average value. Thus for an arbitrary 
phase between @y and 6, only the in-phase component produces 
torque having an average component: 


2 H8,, PY peak cos (24 


- 


(T.)ave = 
which, by Equation [4], results in a drift rate 


— 1 ‘ , 
(Ox Jave — 9 ApreakQ peak COS ( 2 0-2 Py) 
2 

Equation [5] is based on a situation which is entirely general 
(for small angles). It is therefore the general formula for rectifica- 


tion drift of an unrestrained, undamped, single-axis gyro 


Special Cases 


The kinematic aspects of the mechanism of rectification can be 
studied by plotting motions on the unit sphere. Two special 
cases are especially instructive and easy to visualize; in the first, 
the platform is made to follow the inner gimbal, and in the second, 
the gyro frame. In the first case, the servo produces a steady 
gimbal drift in response to a false gyro signal caused by cross 
torque. In the second case, the servo fails to correct a gimbal 
drift produced by “gimbal walk”’ because the gyro fails to report 
it. 

¢, (OUTER GIMBAL 
-¢ (INNER GIMBAL ) 


Y 


(a) GIMBAL 
MOTIONS | 
4 


eine: ro MO be ax Oy peak 


Fig. 3 Rectification of cross torque 


(c) CROSS 
TORQUE 
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Cross Torque. The motions of Fig. 3 are illustrated in Fig. 4 for 
the special case that 7 is 0 (i.e., the platform is clamped to the 
inner gimbal in Fig. 1 For this case, the gimbal motions of Fig. 3 
simply cause the platform to rock about some point RF as illus- 
trated in Fig. 4. For this case, also, ¢ = 6 (from Equation [2}), 


f 


and Equation [3] becomes 


1,t + Hbx + HOdy =0 


in which the average value of the first term is maintained dead 
zero by the servo. Therefore the servo also must provide the 
counter torque for H@my by instigating the small steady drift 
(dx )ave required by Equation [5]. 

Gimbal Walk. Another special case is encountered in the study 
of rectification drift which emphasizes the subtleness of the phe- 
nomenon. This is the case of gimbal drift with a nulled pick-off 
(o = 0), which is accomplished through superposition of just the 
right motion @7 upon the @y and @y motions of Fig. 3. Specifi- 
cally, @z is caused to be exactly equal to (and in phase with) 6, 
Fig. 3(b), so that the platform and gvro move in unison in Fig l, 
anda = 0, by I quation 2 


PLATFORM 


GYRO 
FRAME 


PLATFORM AND 
GYRO FRAME 


Fig. 4 Cross-torque motions with ¢, = 0 
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(a) TIME PLOT 
Gimbal walk 


(b) SPATIAL PLOT 
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The sequence of motions can be followed by considering, first, 
asymptotic approximations to the sinusoidal traces of Fig. 3 
These are shown in Fig. 5(a). Thus at time 0, dz = @ has a 
negative value, and @,y and @y are zero, so that the octant sits in 
position O on the unit sphere. During time interval 0-1, ¢@x 
and @y change, but @ 7 does not, so that the octant rotates about 
point R. During interval 1-2-3, dy and @y do not change, but 
there is a change in @7 so that the line z-y on the unit sphere 


slides along itself, point z remaining fixed. During interval 3—4—5, 
line z-y rotates about point R again, and during interval 5—6-7-8, 
it slides and rotates back to approximately its initial position 
The squares described by the xz and y-axes during this cycle do 
not quite close, however, because point R and point z are seen to 
have moved up along line L 

For the actual sinusoidal motion the z and y-axes form circles 
which do not quite close, and points R and z describe sine waves 
on the surface of the unit sphere, so that for successive cycles 
points R and z walk back and forth, always progressing along line 
L. Thus the platform has a steady drift rate which was not re- 
ported by the gyro—because its pick-off was always nulled—and 
was therefore unopposed by the servo 

In a sense, the special examples of Figs. 4 and 5 may be con- 
sidered complementary , the first being a case of the gvro reporting 
a drift rate when none existed, and the second a case of the gyro 
failing to report a drift rate that did exist. 

In both cases, however 


and in general—the source of drift is 


the cross torque of Equation [3], and the rate of drift is given by 


Equation [5] 


Experimental Verification 

The arrangement of Fig. 1 has been duplicated carefully in the 
laboratory. Large oscillatory torques were applied to the gimbals 
so that the platform experienced substantial, sinusoidal motions.® 
Absolute platform angles @y, @y, and @z, were measured with 
precision optics and converted to electric signals to drive record- 
ing pens, alongside a pen recording gyro-pick-off angle ¢ 

With the gyro controlling platform attitude, @ x, the “DC”’ 
component in the record of @y Motion revealed the gyro drift rate 


directly. 
Numerous combinations of sinusoidgl platform motions were 
produced at several frequencies and relative phase angles In 
each case, the expected drift rate was 
calculated by Equation [5] and com- 
pared with the measured drift rate, 
with the results shown in Fig. 6 
The drift produced with the gyro 
pick-off maintained at null (ao = 0), 
gimbal-walk 


verifies explicitly the 


analysis. 


Remedial Measures 


It is emphasized again that the 
special-test drift rates shown in Fig. 6 
are very large, by operational stand- 
ards, (a) because with proper in- 
stallation disturbing torques on the 
stable element (even in high-speed 
aircraft) will be much smaller than 
those used in the tests, and (6) because 
major statistical cancellations accom- 


pany random disturbances. 


5 For convenience, much larger torques 
were used than any typical platform 
would see in normal use, so that the drift 
from rectification could be easily distin- 
guished from drift due to other causes. 
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Fig. 6 Laboratory demonstration, using large oscillations 


With the rectification phenomenon understood—and once the 
magnitudes of disturbing influences in the operational environ- 
ment have been established—the stable platform, shock mount, 
and attendant equipment can be designed properly to limit drift 
from this cause to a level compatible with system tolerances.® 


APPENDIX 


Rigorous Derivation of Kinematic Drift 
Let H be the total angular momentum of the gyro—wheel-plus- 
frame—in Fig. 1. This vector has the components 


H = 1,/,2, + 1,(/,2, + H) + 1/2, 


in which H is the spin momentum of the wheel, J,, 7,, and /, are 
the moments of inertia of the wheel-plus-frame about each axis, 
and Q,, 2,, 2, are the components of the angular velocity of the 
gyro frame 


Bm 1D, + 12, + UM..0..00.000000 | 


Newton’s law for the wheel-plus-frame is 


s 
(“) wit 
dt inertial reference 


or, considering the gyro frame as a frame of reference 


(“") +Qx*xH =M............[8] 
dt wrt frame 


The z-components of the quantities in Equation [8] can be treated 
separately 
¢“Stable Platforms for High-Performance Aircraft,” by R. H. 


Cannon, Jr., and D. P. Chandler, Annual Summer Meeting of Insti- 
tute of Aeronautical Sciences, June 19, 1957. 
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dH ~ 
- Q:) = 
( ) +(2xH), =0 


- 
‘ 


or, using Expressions [6] and [7] 
1,Q, — (1,2,)Qy + 2,0,2, + H) = 0. [9] 


To study drift rates, it is necessary to relate the motions of the 
gyros to a fixed reference; e.g., via gimbal (Euler) angles defined 
in Figs. 1 and 2. Gyro motion is related to gimbal motions by the 
expression 


Q = Ixdx + lydy 1 6 [10] 
from which the components of 2 are obtained from the dot 
products 


OQ, = 1,-2 = dx + Ody | 
2, - 1: _ dy - 16 x 
Q, = 1,- 2 = 6 rT dyox 


All angies—0, dx, dy, and ¢, 
(Note again that x, y, and z are orthogonal gyro frame axes, while 
X, Y, and Z are gimbal axes, z and Z being always coincident. ) 
When these are substituted into Equation [9], the gyro equation is 
obtained completely in terms of Euler angles 


are assumed to be very small. 


d. ; ; - 
I, a (6 + dydy) L(odx + Ipy\( oy 6x) 


t L (dy — 06x\idx + Ody) + Hd 6dy) = 0 f12] 
The term @ is broken into its components by Equation [2], and 


the other terms in Equation [12] are grouped to give 


1é—-(,- 1, ox + Ody) dy — 06x) 4 H(¢x + Ody 


ar , 
+ 1, — (oz + dydx) = 0 [13] 


dt 
Finally, steady (nonoscillatory) motions are studied by integrat- 
ing Equation [13] to give 


Io — (1, — 1,)S' (bx + ObyNby — 96x)dt 


+ HS (dy + Odby)dt + (bz + dydy) + C = [14] 


in which C is the constant of integration. 

It is now necessary to consider the terms in Equation [14] in- 
dividually to determine the drift situation 

The first term, 7,0, cannot have a steady component because 
the servo will prevent any steady drift of the pick-off. 

The second term 


a, o. 1) JS (ox T Ody (dy Od x )dt 


contains the product of small quantities and the difference be- 
tween two nearly equal inertias, and will be small relative to the 
third term, which contains H. (H being greater—approximately 
by the wheel speed—than either J.) The terms /,(¢, + 
¢y¢x) and C may be small constant values of the same order as 
the component (¢@x + Ody) in the third term; however, the lat- 
ter is integrated, so that after a time it would grow to an arbitrar- 
ily large value with respect to the other terms. 

It is therefore concluded that the term (@xy + Ody) must be 
exactly 0 in order for equation [14] to be satisfied. Thus it is, 
that if the quantity 6¢y has a steady component, the platform 
rate ¢y must have an equal steady component, as given by 
Equation [5}. 








Co-Ordinates Which Uncouple the Equations 
of Motion of Damped Linear 


Dynamic Systems 


By K. A. FOSS,? CAMBRIDGE, MASS. 


Orthogonality relations between the eigenvectors of damped 
linear dynamic systems with lumped parameters are derived; 
and from these relations co-ordinates are found in terms of which 
uncoupled equations of motion can be written. Methods are de- 
veloped for determining transient stresses in terms of these 
co-ordinates. The present treatment is extended to systems in- 
volving transient damping and to continuous systems. 


Introduction 


THE EQUATIONS of motion of a damped linear dynamic system 
with lumped parameters can be written in matrix notation as 


ims HG} + lresllat + Fesllad = IF40) [1] 


The classical method of solving these equations is to find the 
normal modes of oscillation of the homogeneous equation 


ims} + heslhas} = {0} .. [2] 


and from these modes to determine a set of normal co-ordinates in 
terms of which there is no inertial or elastic coupling between the 
equations of motion. However, unless the matrix [r] happens 
to be proportional to either [m] or [k], velocity coupling still exists, 
and the chief object of using normal co-ordinates is defeated except 
when the coupling terms are small and can be neglected 

The purpose of the present paper is to derive orthogonality re- 
lations between the homogeneous solutions of Equation [1], and 
from these relations to develop a set of co-ordinates in terms of 
which completely uncoupled equations of motion can be written 


Homogeneous Solutions 
Equation [1] can be written in reduced* form as 


[Rj{Z} + [Kj{Z} = {F(e)} 


(0) {m| xi - | ~ imi (0 
fm} tr) J’ , (0) [k] 
aad os (0) 

{f(t)} 


! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research, under Contract 
N5ori-07833, with the Massachusetts Institute of Technology. 

? Research Engineer, Aeroelastic and Structures Research Labora- 
tory, Massachusetts Institute of Technology. 

? “Elementary Matrices,”’ by R. A. Frazer, W.J. Duncan, and A. R. 
Collar, Cambridge University Press, London, England, 1946, p. 327. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue American Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 24, 1957. Paper No. 57—A-86. 


where 
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To obtain the homogeneous solution of Equation [3], let 
{Z(t)} = em{ d} (4) 
This gives 
a[R}{d} + [K}{%} = {0} (5) 


Equation [5] may be manipulated into a form more amenable to 
matrix iteration, such as 


[U}{%} = |} [6] 


, 0) UW) 
— |K)—|R) Ga Be 


lel = [I 


and where 


The matrix [c} is a set of flexibility influence coefficients. 
The solution of Equation [5] or [6] will yield 2N eigenvalues 
and eigenvectors 


ao} 
{po} 


where N is the number of degrees of freedom. For a stable system 
each a,, is either real and negative or complex with a negative real 
part. The complex roots occur as complex conjugate pairs with 
corresponding complex conjugate modal columns. A relatively 
simple method of iterating Equation [6] for complex eigenvalues 
and eigenvectors is described by Frazer, Duncan, and Collar.’ 

If the matrices [m], [r], and [k] are symmetric, the matrices 
|R] and [K] are symmetric, and Equation [5] can be written in 
either of the two ways 


a, [R]{d~} + [K]{d~} = {0} 


a, and {@} -| 


| n= 2 , 4 ° 0 2N 


an{ P™} TR) + {S~}TTK) = {O}7... [8] 


where the superscript 7’ denotes a transposed matrix. The pre- 
multiplication of Equation [7] by {@™}7 and the postmultipli- 
cation of Equation [8] by {®™} yields 


afb} TRIS} + [SH] K]{[ Se} 9] 
a, | P}T(R]ILD”} + [SH] KS} = 0 (10) 


When Equation [10] is subtracted from Equation [9], one ob- 
tains 
(a, — &, {O~}T[RYS”} = 0 [ua] 


Thus unless a,, = a@,, the orthogonality relations are 





when m # n. . [12] 


{H~} TR] OH”} = 0, 


when m # n {13] 


{DH} TK] dD} = 0, 


Equation [12] can be used to construct “‘sweeping matrices’’ when 
one iterates Equation [6]. In fact, if there are “rigid body”’ 
modes present (a@,, = 0), these modes must be eliminated from 
Equation [5] to make Equation (6] nonsingular. 


Nonhomogeneous Solutions 


Nonhomogeneous solutions of Equations [1] or [3] can be ob- 
tained by expanding {Z} into a modal series; i.e., by letting 


[Z} = So {ompee) [14] 


n 


which is equivalent to Lagrange’s method of variation of parame- 
ters (sometimes called the method of variation of constants). In 
terms of the new co-ordinates &,(f), Equation [3] becomes 


DX RUG} + DO (KH}E, = [FCO 
Premultiplication of Equation [15] by {| ®(™}7 gives 
Do Sm} PAUSE, + D> [Hr] TK] HE, 
n n 
= {d™}7T{ F(t)} 16] 


The orthogonality relations, Equations [12] and [13], simplify 


Equation [16] to 
R,£, — a,R,E, = F,(t) 17] 
where 
Ry = {PO}T(R]Y BO} = 2a,f GH} Pm] Gm 
+ GFT I(r], GO} 
and 
F(t) = (®M UTR) = [O@™} THO)! 
From the orthogonality relations it also can be shown that 


F(t) 
frye\t — ® 21! dint . 
}F(t)} = > R. [R], Oo} 18} 


f(b} 


also that 


{) 
[m], Oo} 


F(t 
> — [o”} = {0} 
R,, 


"% 


For zero initial conditions, the solution of Equation {17 | 


l t 
= ,an(t{—r)_ / 
é, = P(r )dr 
“ss * 


‘a F(t) a, F (t ) 
»_ = poo 7 F,( d eee 
g R, T R, f é (7 ar 
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Thus the nonhomogeneous solution of Equation [1} is 


1 t 
ad = DB twend fener 
0 


n ” 


a,, ‘ 
lad = D> R [25] 


n 


ot 
{o.} | emt OF (r)dr 
0 


If a, and a4, are complex conjugate roots, the corresponding 
two terms of Equation [24] are 


k+1 
ean ee Fir dr 


t 
[. ~SkE—1)) P(r) 1 1b! cos [w,(t T 
0 


Op + 6, 4 6.\jdr. 


n=k 


where 
a, = 


R, 
F,(t) = 
1d} 


10,1 


1d," 
Dynamic Stresses 


Two methods for determining the transient stresses in terms of 
the normal co-ordinates of a structure have been summarized by 
Bisplinghoff, Isakson, and Pian.‘ These two methods are com- 
monly called the “‘mode-displacement method’’ and the ‘“‘mode- 
acceleration method.’’ Two analogous methods can be derived in 
terms of the co-ordinates of the present paper. 

If Equation [1] represents the equations of motion of a flexible 
structure, a stress at point 7 in the structure is 


o = [s, [ike lig (0s 27 
where |s,;‘* | is a row matrix which sums up the elastic forces to 
give the total stress o,. For the first method, substitute 


faslt)} = Do fesmbeao 28 


, 


into Equation [27 |, which yields 


where 


~ a,?|s | [Im], go; a,|s ir} {om} 

and where the starred summation symbol indicates that rigid- 
body modes are not included. Equation [29] is analogous to the 
mode-displacement method. 


For the second method, Equation [17] can be rearranged as 


Fit E 
t= = 30) 
—a,R, a, 


The substitution of this into Equation [29] gives 


+ A, , 
O; = Cirstatic + > ya é. [31] 
n n 


4 “Methods in Transient Stress Analysis,”’ by R. L. Bisplinghoff, G. 
Isakson, and T. H. H. Pian, Journal of the Aeronautical Sciences, vol. 
17, 1950, p. 259. 
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where 
y A,,F (0) 
—a,R,, 
n 
Equation [31] is analogous to the mode-acceleration method, and 
in this case it might be called the ‘‘mode-velocity method.”’ 
From Equation [19] 
** 


= oe iritom) 


n 


F(t) 
aR, 


-- > [32] 
n 
where the double asterisk indicates that only rigid-body modes 


ire included in the summation. Therefore 


Thus through the use of Equation [31], the stress due to the ap- 
plied forces can be accounted for exactly even when a limited 


number of vibration modes are used. 


Transient Damping 
Many problems in aeroelasticity require that the velocity in 
1] be replaced by a convolution integral containing the 


Equation | 
a single-degree-of-freedom equation of the 


Wagner function; i.e., 


same type as Equation [1] would become 


f : U(r p(t ridr + kq = f(b) 35) 


where @(¢) is the Wagner function which accounts for unsteady 
flow effects. It can be shown by means of the Laplace transform 
that, if the usual exponential approximation of the Wagner func- 
tion is used, Equation [35] is equivalent to a fourth-order dif- 
ferential equation of the tvpe 

q = git) 


ag +bhq + cy + dq + 


Thus Equation [1] becomes 
sued } - i 2 
aii gsi + (6 + ley) g,5 
' 
d, |4q;} 


+ leis = tolO} 
This also can be expressed in reduced form as 
(| F(t)} 


R)iZ} + (K)iZ} 


where now 





Continuous Systems 


Orthogonality relations for continuous systems can be obtained 
in a manner analogous to that for lumped-parameter systems. 
Consider, for example, the damped motion of asimple beam. The 


equation of motion is 
ew 4 
m(y)#y, t) + r(y)(y, 2) + J k(y, n)z(n, Odn = fly, t).. [39] 
Yo 


where k(y, 7) is a stiffness influence function. This equation can 


be written in reduced form as 
\ 
m(y)2(y, t) — m(y)f(y, t) = 0 


m(y&(y, 0) 4 


r(y)a(y, t) 


yi 
' f k(y, nz(n, Odn = fly, t) | 


t(y, t) = ay, t) 


where 


To obtain the homogeneous solution of Equations [39] or |40}, 
let 
f(y, t) = Blyje™ 


-(y,t) = d(ye™ and 


Equation |40] becomes 


am(y)d(y) — m(y)B(y) = 0 
m ban] 
amy Bly arly oly) + f k(y, n)d(n)dn = 0 
vo 
The solution of Equations [41} would yield an infinite number of 


eigenvalues and eigenfunctions 


B..( y)= 


This solution is not proposed as a method for computing the 
eigenfunctions but is convenient for deriving their orthogonality 


a, ¥/s 


a, and 


relations. 
For the nth mode Equations [41| become 
a,m(y)d,(y) — my B.(y) = 0 


a,m y)6,,( y) > arly ?,, y) 


¥ 
+ f ‘ky, nb.(nddn = 0 
Yo 


If the first of Equations [42] is multiplied by 8,,(y) and the second 
by @,,(y), and if the resulting equations are added together and 
integrated, the following equation is obtained 


: 

a, 

ve 
+ f° [ ‘ih k(y, n)d,()d,,(ydn mi VB.Cy)Ba(v) | 


dy = 0 


m(yd.Ay)Buly) + (WblWon(y) + m(yBAWOn(y) ldy 


[43] 
In Equation [43] the subscripts m and n may be interchanged to 
give 


anf” im(yb,.(y)B.(y) + r(won(y)d.(y) + m(y)B,(WOn(y dy 


di f. [f.” ky, 0)d,.(m.(y)dn — m(v)Bu(v Bay) | 
yo veo 


dy = 0. [44] 

§  Aeroelasticity,”” by R. L. Bisplinghoff, H. Ashley, and R. L. 
Halfman, Addison-Wesley Publishing Company, Inc., Cambridge, 
Mass., 1955, p. 26. 
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When Equation [44] is subtracted from Equation [43], one ob- 
tains 


(a, — Ge) fe [m(y)>.(y) Balu) + rybalv buy) 
+ m(y)B.(y),(y)] dy = 0 


because k(y, 7) is a symmetrical kernel. Thus the orthogonality 


relations are 


J onivrO BW) + rU#.(v)ba(v) 


+ m(y)B,(y)¢,.(y) dy = 0, when m #n. . [46] 
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and 


f 8 Lf ky, mb(nba(yan — m(y)B.(v)Bu(v) | dy = 0, 


ye 


when m #n. [47] 
Through these results, uncoupled equations of motion simillar 
to Equation [17] can be derived for this continuous system. 
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Some Shock Spectra Characteristics 


and Uses 


By Y. C. FUNG! anp *%. V. LA 


A shock spectrum is a plot showing the peak response of a 
linear variable-frequency oscillator (of single degree of freedom 
to a specific shock wave, as a function of the frequency of the 
oscillator. Such a spectrum may be measured, for example, by 
multifrequency reed gages and is sometimes used as a basis 
either for specifying the shock wave or for computing the re- 
sponse of a multi-degree-of-freedom structure to such a shock. 
In this paper these applications of the shock spectrum are dis- 
cussed. In particular, it is shown that, if the fundamental fre- 
quency (f|, cps) of the structure is sufficiently high, a close ap- 
proximation of the peak response of a multi-degree-of-freedom 
system can be obtained by the algebraic sum (not the sum of 
absolute values) of the peak responses of the individual degrees 
of freedom. Numerical results for a uniform cantilever beam 
subjected to a shock load uniformly distributed over its span 
show that the high-frequency requirement is satisfied if 2f,t,, > 1, 
where ¢,, (sec) is the rise time of the pulse. 


Introduction 

\ sHOcK spectrum of a suddenly applied force represents the 
peak response of a single-degree-of-freedom spring-mass-dashpot 
system as a function of the frequency of the system (1-4).* Such 
spectra are relatively easy to obtain by means of reed gages or 
other instruments (4, 5) under conditions of blast waves, collisions 
of vehicles, or landing impacts for which the applied shock forces 
are difficult to measure 

It was an important discovery by Shapiro and Hudson (4, 6) 
that there exist certain general properties of the shock spectrum 
for a single pulse which are insensitive to certain details of the im- 
pact history. On the other hand, it is well known (2, 5, 8) that 
multiple-pulse shocks such as those of earthquakes, train colli- 
sions, and ground motion due to blast waves yield complicated 
shock spectra which are very sensitive to the amount of damping 
Only the single-pulse type of shocks will be discussed in this 
paper. 

How can the shock spectra be used to estimate the shock re- 
sponse of complicated structures such as buildings, electronic 
equipment packages, or airframes? One of the earliest answers 
was given by Biot (1) in connection with engineering seismology, 
in which he disposed of the multi-degree-of-freedom response 
problem by the superposition of the absolute values of the 
maximum responses of each mode. Housner (2) showed, by 
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statistical studies of strong-motion earthquakes, that this type of 
superposition of modes is not overconservative in engineering 
Biot 
3) to the more or less single-pulse-type shocks of the 


seismology The same reasoning was applied by and 
Bisplinghof* 
aircraft landing, with results that were too conservative (7, 9 
Much effort has been spent on improving the accuracy of estimat- 
ing the response of n ulti-degree systems, and alternative proce- 
dures have been suggested (6, 10, 13) 
The purpose of this paper is (a) to indicate for single-pulse- 
type shocks some of the properties of the shock spectrum which 
can be stated in general form; (6b) to extend Shapiro and Hudson’s 
work to show that with proper normalization certain properties of 
the shock spectra are insensitive to certain details of the shock 
history; (c) to assess the practical use of such spectra to deter- 
mine the response of multi-degree-of-freedom systems 


Shock Spectra for Shocks of Single-Pulse Type 


Let aF(t) be a more or less rapidly applied force, or shock, Fig 
1, and let the 
spring-mass-dashpot system 


foree act on a single-degree-of-freedom, linear 
If g is the displacement of the mass 
of the system, the equation for the motion is 

aFit 


Gj + 2ewd + w*q 


m 
where € is the ratio of actual damping to the critical damping of 
the oscillator, w is the natural frequency of the oscillator, and m 
is the mass. The solution of this equation for the case of small 
damping, € << 1, and for a system initially at rest, so that g(0 
= (0) = 0, is 


el 
| aF(r)e~ @¢—” sin w(t T)dr [2 
0 


nw 
. 


Other parameters being fixed, the response g is a function of t 
and w. Of particular interest is the maximum value of g which is 
given by 

- 
= Max aF(r)e~—” sin w(t — rar’ [3] 
O<t {mw Jo { 


Then gmax is a function of w and is defined as the shock spectrum 
of the given shock aF(t) or, more specifically, the positive-dis- 
placement spectrum, 

Similarly, gmio(w) may be called the negative displacement 
spectrum, gGmax(W) a positive velocity spectrum, Gmax(w) a positive 
acceleration spectrum, and so forth. 

For impact forces of the single-pulse type, Fig. 1, the charac- 
teristics of importance are the rise time ¢,, during which the force 
rises monotonically to a peak value of a, the duration of the pulse 
fo, and the general shape of the curve. We shall express the 
pulse in the dimensionless form F(t), for which 


F(t) = 0 fort < 0 and t > ty 


>0O for tin (0,&) 


Max F(t) = F(t,,) = 


365 





366 


a Fit) 


Force 





 -—',, ——_# 











. aa 


Fig. 1 An impact force-time history, or simply, a pulse, showing 
definitions of ¢,,, fe 


The response of a simple oscillator to such a pulse, Equation [2], 
is characterized by the following dimensionless parameters 





wt,, rise time of pulse 
zx, = — = ——— als —, (4) 
T half period of oscillator 
g(t) mw*g(t) transient displacement response 15] 
-s-— => — 5 


qo = maximum static displacement 
where f = w/2z is the frequency of the oscillation in cycles per 
second, and 


a 
g = .. [6] 
mu)? 
represents the static displacement of the mass under the peak 
applied load a, which will be assumed positive. 

The dimensionless form of Equation [3] in which the extreme 
values of gmax/go are given as a function of wt,,/m is called the 
‘positive dynamic amplification factor.’ Similarly, gmin/qo is 
called the “negative dynamic amplification factor.” Fig. 2 shows 
the amplification spectra (solid curves) for two pulses. Note that 
the spectra start at the origin, rise gradually as wt,,/m increases, 
reach maxima, then slope downward with more or less constant 
slope over a range of frequencies; they finally rise again, form a 
few ripples, and converge to unity. The negative spectra, al- 
though not shown here, behave similarly, except that for large 
values of wi,,/r they converge to zero. The effect of a small 
damping on positive spectra is not large. 

Also of interest is the ratio 
t, time at which peak response gmax is reached 


‘ rise time of pulse 


which is also shown (dotted curves) in Fig. 2 for the two pulses. 
It is apparent that ¢,/t,, is large for small values of w and con- 
verges to unity as w becomes large so that it does not deviate too 
much from unity for wt,,/7 > 2. In other words, the peak re- 
sponse time corresponds approximately to the rise time when the 
rise time is long compared with the oscillation period. 

Various characteristics of the amplification spectra have been 
determined mathematically and presented in (13). These charac- 
teristics are summarized later fer a better understanding of the 
nature of the spectra and for practical applications. Many of 
these characteristics are well known; however, it is believed that 
properties (D), (F), (H), (1) are new. Unless otherwise stated, 
zero damping is assumed. 

(A) For w sufficiently small, the amplification factor is given 
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Fig. 2. Ratio of tf, to t,,, and of gmax to go, where ¢, = time to peak 
response, f,, = rise time of pulse, gmax = peak dynamic response, 
qo = static response 


by » times the absolute value of the complex Fourier transform 
of F(r) 
4 qmi ™ in 
__ Pe w F(r)e'“'dr , (: a) [7] 
qo qo 0 rT 
For a trapezoidal pulse, the number a = !/3. 
(B) If w — 0, the time ¢, at which the response peak is reached 


approaches 7 /2w 


as w—>O ; [8] 


rT 
at 


(C) The slope of the spectrum at the origin (w = 0) is equal to 
the total impulse multiplied by the numerical factor 7/t,, 


1 max te 
: ( ) = : F(r)dr 
d(wt,,/™) \ go Jw=0 tn Jo 
d = to 
: (* ) = F(r)dr [9] 
dw \ Jo «w=0 0 


(D) Near the origin (w = 0), the curvature of the spectrum 
A power-series expansion of the spectrum near the 


or 


vanishes. 
origin is 


2 
qmax ” + 1 ( Mi = us) wo? 
qo 2 Mo 


l ifs Mi? Me ba‘ , 

+ — —-4— +6 -3 B+... 10) 

24 (u. Mo , Mo? bo? o ; 
where 

Me _ f, T*F(r)dr, (k - 0, l, 2, ee J {11} 


is the kth “‘moment”’ of the pulse about the origin. If the damp- 
ing does not vanish, the power-series expansion reads 
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Qmax 


qe ~ 


€°) > af e) Hl a + 
Mo ) 3 Mo? 

These expansions have a bearing on the question of inverting the 
integral Equation [3]. They show that the w’s are related to the 
successive derivatives of the shock spectrum at the origin but 
that the number of these equations is insufficient to determine all 
the uw’s. Hence an inversion cannot be obtained by defining a 
shock spectrum as a Taylor's series about the origin 

(EF) At large values of w the response approaches a static one 

qt 
lim 


wre Qo 


max 
lim 


F) An asymptotic expansion for the response q(t)/go for large 


values of ® is 
qt 
qo 


1)F(O) — tF (60) 


cos Wi 


1 eee ‘ 
-sinwt F@(6t), (0<@< 1 14) 


w 
If F(t) can be approximated by a polynomial of degree n, then 
the indeterminate factor 6 can be removed 

q(t) 
qo 


sin wt F(O 


l : — 
sinwt F®(0) +... 15 
w? 


Hence it is clear that g/go converges to F(t) when w —~ =, but 

the exact form depends on the higher derivatives of F(t) at ¢ = 0. 

(G) The time ¢, at which the response peak is reached ap- 
proaches the rise time ¢,, as w becomes large 

wt,, 

“>b ; 16] 


t-— ¢.. when 
; T 


The number b depends on the particular pulse, but is of order 2. 


(H) For larger values of w 


a F(O) . l 
~1- sin wi, + 0 
q Ww w? 


which shows that the wavy curve of the spectrum which con- 


(17) 


verges to 1 as w increases has a “period” 
9 119) 

Aot,, = 2r.. [18 

This expression can be used to estimate ¢,, from an experimentally 


determined spectrum. 
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(1) For a given frequency @,, the time t, at which the first 
peak of the response is reached [at which g(t) vanishes for the 


first time] is governed by the equation 


ty 
pi Fir) cos w,Tdtr 
( 
- e 
F(r) sin w,7rdr 
0 


is also the time at which gmax is reached for at least 
A straight 


tan wl, = 


This time ty 
the following types of the rising curve of the pulse: 
line, a half sine, a versed sine, or an exponential curve, or the 
theoretical and experimental landplane and seaplane landing 
impact-load curves (6 The corresponding amplification factor 


WTILtten Aas u;, 18 


= WW [ F(r) sin w(t, Tt dr 
Yo /0 


The slope of the positive amplification spectrum at a, is 
( du ) uy) 

dw ” Ww) 

The curvature 


(aa), 


7 


- Ww | TF (rT) cos w(t, T)dr 
J0 


it @, 18 
2 ( du ) ‘ 
Ww dy) w w 
tp 
" of Fir t. 
0 
w,? ts 
+ F(r)(t, — 7) sin wi(t, — T)dr 
l - 0 


The formulas given in the last item (I) are of considerable in- 
terest in determining the spectrum in the intermediate-frequency 


T)? sinw(t, — r)dr 


range. One particular instance is of special significance; namely, 
the point at which the positive 


the case in which t, = 4,, i.e., 
attained at exactly 


peaks of the response and the pulse are 
the same time. At this point the slope of the amplification spec- 
trum depends only on the rising part of the pulse, and is com- 
pletely independent of the falling curve. This point belongs to 
the portion of the spectrum where the curve is fairly straight 
and the negative slope is large (see Fig. 7, reference 4). Specific 


examples are given in (13). Here the slope of the positive spec- 


max It on 
(%)/e() 
9 /] T 


22] it can be shown that a suggestion in 


trum 


is of order 

By means of Equation 
reference (4) that the largest negative slope is reached in the case 
t,, = ¢,, is not necessarily true. 
Note that the case u,; = 1 corresponds in general to a discon- 
tinuous ¢, versus wt,,/m curve, and the expression for curvature 


P 


may not necessarily hold. 

Finally, the effect of small damping should be mentioned. In 
the intermediate-frequency range, the effect of € on gmax/go is 
small, but the effect on gmin/g is large. The ratio of the leading- 
edge slope of qmin/go to that of qmax/go is equal to e~?**; iLe., ap- 
proximately 1 — 27e. In the low and high-frequency ranges 
(wt,,/w < */. or wt,,/m > 3), the effect of damping is sensitive to 
the pulse shape, and an increase in € does not necessarily result, in 


a reduction of the amplification factor. 


Use of Shock Spectrum 


The problem of the practical application of a shock spectrum 





30S 


to determine something about the response of a complex structure 
considerable interest. It is convenient to express the 
characteristics of the structure in terms of the undamped principal 


is of 


modes which we will denote by 
P(x, Wy Z)y ee vy (2, Y, 2) 


which corresponds to circular frequencies w;, We, . . 
tively (arranged in the order of ascending absolute values). The 
displacement, w(z, y, z, t) at a point (z, y, z) of the structure, 
which will be assumed linear and elastic, can be expressed as 


Oi(z, Y, 2), 


+» W,, Tespec- 


u(x, y, 2, t) = + Gn(t)O, (2, Y, z). 23] 


n=1 


\ssuming that positive damping exists and corresponds to a 
dissipation function that is a quadratic form in the generalized 
velocities of the same character as the kinetic-energy expression, 
the expansion of Equation [23] converges for all ¢ > 0 and the 
Lagrange equations for the motion have the same form as Equa- 
tion [1] 


Gin + 2€,Wada + Wag, = Qa(t) (n = 1, 2, ) 24 
m,, 
vhere 
Qa(o= f F(x, y, 2, t),(x, y, z)dv 25) 
mn = S o,%Xx, y, 2)dm. 26) 


(),(¢) is the generalized force and m, is the generalized mass in the 
nth degree of freedom; F(z, y, z, ¢) is the external force density; 
dv is an element of structure volume, and dm is a mass element 
The integrals are to be taken over the entire structure. 
The shock-response problem for multi-degree-of-freedon 
However, the determination of 


sys- 
tems can thus be solved formally. 
w trom Equation [23] is very laborious. Also, in many cases the 
details of the forcing functions may not be known. 

Often, in engineering design problems, only the maximum 
values of the elastic displacements or their derivatives are re- 
quired. If the shock spectrum for the applied force is known, 
then something is known about the maximum values of the 
generalized displacements, gmax(w), and one hopes to be able to 
say something about the maximum values of the displacement 
| w(x, y, 2)}max from this information. 

Biot (1) states an obvious upper bound 


w| max < ) qn max)(W»)| >, (2, y, 2) 27] 
n 


which gives reasonable results for systems subjected to earth- 
quake-type shocks, but may greatly overestimate the response of 
structures subjected to the single-pulse-type shock when the 
parameter 2 ft,, is sufficiently large. 

It was pointed out previously that when the parameter wt,,/7, 
or 2 ft,,, Equation [4], is sufficiently large, the response of an 
oscillator is such that the peak response is reached at about the 
sume time as that of the pulse. In application to a multi-degree- 
of-freedom system, therefore, one may consider that all the de- 
grees respond in unison; that is, all degrees reach the peak at the 
same time, provided that w,,,/m are sufficiently large. Hence it 
is expected that, under the stated condition, a good estimate of 
the peak response is 


max w(x, y, Zz, t) = Jno) Wy) 
v > - Gn(o)(Wa) 


t20 n=1 


N (w,) 
(a — ) b.(x, y, z).. [28] 


We shall show that, in the case of a cantilever beam, the required 
condition is satisfied if 
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ant 
—*>1 (ie., ft, > 1) 


™ 


[29] 
7 

where @, is the circular frequency of the lowest mode. The Con- 

dition [29] is sufficient to insure a good approximation of the 

bending moment and shear in the beam derived from w(z) by 

differentiation, to within a few per cent of the true values, 

throughout the entire beam. 

Equation [28] is convenient to apply. 
deflection of the nth degree of freedom. 
given by the amplification spectrum, 
rather insensitive to the exact history of the pulse. 

The applicability of Condition [29], however, cannot be estab- 
It is nevertheless believed, through 
a consideration of the spacing of the successive natural frequen- 
cies, that Condition [29] holds for general beams or plates under 


Gnio)(W,) is the static 
dacmax)(W,)/Qn C (w, is 


which, fortunately, is 
lished in complete generality. 


torsion and bending loads. For structures of which the funda- 
mental frequency and the first few overtones are closer than thx 
usual spacing of those of beams and plates, it may be necessary 
to redetermine a constant (instead of 1) in the right-hand side of 
Condition [29] in order to qualify Equation [28] as a good 
approximation 

The numerical data from which the Condition [29] is derived 
refer to a uniform cantilever beam subjected to an impact force 
distributed uniformly over its span. Let @,(z) be the normal 
modes, and w,, the corresponding frequencies of the beam. Let 
P(x)F(t) be the external disturbing force, F(t) being of the type of 
a single pulse considered in the foregoing. Let 

° 


_= I, P(x)o,(x)dz 30) 
. ) 


ma = ff 6X2dn 


= generalized mass corre sponding to 
O.(r 
The displacement at z may be written 
Vy 
$ 
wiz, t) + Q,( 2 )q l $1] 
n=1 Sn 
where 
5. aaa beste ap Sa = 
jn + 2€0,9, + @,74, = te wknd e 2 
mM, 


The bending moment at z is then 


N 
8, . 
M(z,t) = >, Mazen) ()--- ccme 33] 
| \s,| 
The shear at z is 
y 
y ¥ 8, te , 
S(z,t) = D> Sulz)an(t) | paca 34) 
n=1 Bq 


M(x), S,(x) are, respectively, the moment and shear at zx cor- 
responding to @,(z). For a uniform cantilever beam of length / 
and clamped at z = 0, ¢,(7) is tabulated in (14). Using the nota- 
tions of (14) we also have, if P(x) = 1 


t 2a 
s = (x)dz = > | 
n f ? n = Ir 8. | 


| 
m, = S° po,(z)dz = 1 | 
| 


. 
satchel 


@) By? } 
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>> MAz) *) Garman 
n=1 Sal 


: — ' 
S*(z) = S,(2) Qn(max) 


n=! 


=~ 8, 
S**(z) = > S,(2) Qn(max 


n 1 n 


,, Bay Day On”, and @,,’"’ are tabulated in (14). Two pulse shapes 


are considered 


The following ratios were then determined 


wr 


M(z): 
U*(z 


S(z), 


The selection of these two pulses is based on a previous study S*(a 

which showe | consider ible difference in the amplification spectra 

Five modes were taken Jn(max) are the positive peak values 
12 


owing to the presence or absence of a point of inflection on the ; 
of the response q, a8 given by Equation 32] u( Z max, Mix _ 


rising part of the pulse. Fig. 2 shows the amplification spectra s 
and so on, are the peak values of w, 4, and so on, at specified 


— values of } 2 0.6, 0.8 0 ‘calculate i digital 
he approximations embodied alues of x/l (0, 0.2, 0.4, 0.6, | calculated by inne teens 


of these p ilses, and the ratio /,/t 


To compare the exact results with t 
in Approximations [27] and [28], respectively, the following sa eps : 
quantities were compute d Che results of w(z)max/w*(z) show that w* is a good approxima- 
; ion; the maximum overestimation along the entire beam is less 
than 10 per cent for 0.25 2fit,, << 4. On the other hand, Fig. 3 
shows that M * overestimates the maximum bending moment con- 
sideral ly, near the free end, although the most important portion, 
the root bending moment, 18 we ll ap] roximated 

Figs. 4 to 7 show the maximum and minimum of the ratios 
w/w**, M/M**, S/S** across the entire beam It is seen that. for 
fit, > 1, the double-starred values approximate the exact value 
within a few per cent, thus verifying our Condition [29 


also seen that the approximation deteriorates rapidly as 2ft, 
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Fig. 3 Ratio M*/M over beam. M is peak bending moment, M* is approximation given by Equation 
{40}. Pulse A. 
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wiw « = damping factor 








Fig.4 Extreme values of ratiow/w** over beam. w is maximum value of deflection, w** is approxima- 
tion given by Equation [39]. Pulse A. 


damping factor 


Root bending moment, also min. M/M ratio 





Fig.5 Extreme values of ratio M/M** over beam. M is maximum value of bending moment, M** is 
approximation given by Equation [41]. Pulse A. 


Max. S/S** ratio ocx 








s/s 
1. a 
0. 
Root shear, also min. s/s** ratio 
oO. 
0. 
oO. 
0. 
2 3 ry 
@, tn/* 
Fig.6 Extreme values of ratio S/S** over beam. S is maximum value of shear, S** is approximation 
given by Equation [43]. Pulse A. 
comes small. The effect of the damping factor € (assumed to be must be distinguished: Fig. 8 refers to a fixed beam (w, =_1), 
the same for all modes), is seen to be small, Figs. 4 to 6. hence the abscissa reads the variation of rise time; Fig. 9 refers 
So far, Approximations [27] and [28] have been examined over _ to a fixed shock (t,, = 7), hence the abscissa reads the varying 


the entire beam on the basis of ratios to exact values. To give fundamental frequency (stiffness) of the beam. The difference 
some idea about the actual variation of the deflection, moment, _ is evident from Approximation [28], for, although qdaymax)/qa@) i8 & 
and shear, we plot the root bending moment, the root shear, and function of w,t,,, ga) itself is inversely proportinal to w,?. Fig. 8 
the tip deflection versus w,t,,/m in Figs. 8 and 9. Here two cases shows that the root moment and shear are reasonably estimated 
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Fig. 7 Extreme values of S/S**, M/M**, w/w** over beam. S, M, w are exact values of maximum 


response at any station. 
factore = 0. Pulse B. 


Fig. 8 Tip deflection, root bending moment, and root shear, in a 
cantilever beam whose fundamental frequency is w, = 1 rad per sec. 
Pulse rise time, f,,, varies. Mass of beam = 1. Pulse A. 


The 


entire 


by approximations of the type [28] for at,,/7 < 1 as well. 


tip-deflection estimation appears excellent over the 
w,t,,/W range. 

One must remark, finally, that if w,t,,/7 is very small so that 
the pulse acts like a pure impulse, the exact analysis of the struc- 
tural response is fairly simple. For, if 7, is the total impulse that 


acts in the nth mode 


S**, and so on, are approximations by Equations (43], [41], [39]. 


Damping 


eEnene FERRE ENED 




















Fig. 9 Tip deflection, root bending moment, and root shear for 
cantilever beams of different fundanicatal frequency, . Fixed 
pulse rise time,¢,, = . Massof beam = 1. Pulse A. 


t l 
I, = f f aF (x, t)o,(xr)drdt 
v0 v0 


wnt sin wl 


then 


whence 
u(x,t) = Zq,(t)d,(z) 16 


and other responses (stresses, and so forth) can be relatively easily 
derived 
Conclusions 

With respect to shocks of the earthquake type, it seems that a 
statistical average of the spectrum offers a reasonable basis for 
engineering design, and that the representation of the maximum 
response of a multi-degree-of-freedom structure by the sum of the 
absolute values of the maximum response of individual degrees 
of freedom is adequate. 

For a shock of the single-pulse type, the most important 
parameter characterizing the amplification spectrum is the ratio 
of rise time of pulse, ¢,,, to the half period of the oscillator; i.e., 
wt,,/m, or 2ft,,. From an experimentally determined amplifica- 
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tion spectrum, the total impulse, the rise time, and the peak 
value of the pulse can be determined; but the complete deter- 
mination of the pulse history appears to be impossible. In ap- 
plying the amplification spectrum to the calculation of the 
maximum response of a multi-degree-of-freedom system, the 
upper bound derived by a simple summation of the absolute 
values of the peak responses of all degrees of freedom tends to be 
overconservative. If the fundamental (the lowest) frequency 
(a rad per sec or f; eps) of the structure is sufficiently high, say 
wit,,/@ = 2fit,, > 1, a close approximation of the peak response 
of a multi-degree-of-freedom system can be obtained by the 
algebraic sum of the peak responses of the individual degrees of 
freedom. 

The amplification spectrum is rather insensitive te the details 
of the exact history of the pulse. Hence in specifyi»g a pulse 
form for engineering design purposes, there is little point in 
specifying the exact manner the pulse varies with time; in par- 
ticular, the time history after the peak value of the pulse is 
reached is unimportant. Only the total impulse, the rise time, 
and when greater accuracy is desired, the time history of the 
rising curve, need be specified. 
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Coupled Vibrations of Thin-Walled Beams of 


Open Cro 


ss Section 


By J. M. GERE! anp Y. K. LIN? 


The determination of coupled frequencies of free vibration for 
beams of nonsymmetric, open cross section is discussed in this 
paper. Beams with various end conditions, including simple 
supports, fixed ends and a cantilever, are considered. Results 
of both exact and approximate analyses are presented. For 
practical use, a simple approximate formula for determining fre- 
quencies of vibration for beams with any end conditions is given. 
The accuracy of the approximate formula is shown by comparison 
with results obtained by the exact method. The exact calcula- 
tions were carried out on an IBM 605 Card Programmed Calcu- 
lator. 


1 Introduction 


F A BEAM of nonsymmetrical cross section is caused to 
vibrate freely, the resulting vibration is composed of both 
bending and torsion. These coupled bending and torsional 
vibrations occur whenever the shear center and the centroid of the 
cross section do not coincide. 

In the most general situation, bending vibrations in two per- 
This 
case is called ‘triple coupling’ and is illustrated by the nonsym- 

Point O represents 
The y and z-axes are 


pendicular directions are coupled with torsional vibrations 


metrical channel section shown in Fig. 1(a). 
the shear center and point C the centroid. 

through the shear center and parallel to the principal centroidal 
The figure shows the channel in its equilibrium 
z-directions are 


axes 9 and ¢. 
position. Bending vibrations in the y 
coupled with torsional vibrations, measured by the angle of rota- 
tion @. 

When the beam cross section has an axis of symmetry, one of 


and 


the bending vibrations is independent of the other vibrations 
This results in ‘double coupling’ between the other bending 
vibrations and the torsional vibrations, illustrated by the channel 
section shown in Fig. 1(b). Bending vibrations in the y-direction 
are coupled with torsional vibrations, whereas vibrations in the 
z-direction occur independently. 

Finally, the simplest case arises when the shear center and 
centroid coincide, such as for an I-beam with two axes of sym- 
metry, Fig. 1(« The two bending vibrations and the torsional 
vibrations occur independently of one another. 

In this paper, the differential equations for triple coupling are 
derived, following the development given by Timoshenko for 
double coupling.* The solution of these equations by an exact 


1 Associate Professor of Civil Engineering, Stanford University 
Stanford, Calif. 

?Stress Engineer, Vertol Aircraft Corporation, Morton, Pa. 

3“‘Vibration Problems in Engineering,”” by 8. P. Timoshenko 
third edition in collaboration with D. H. Young, D. Van Nostrand 
Company, New York, N. Y., 1955, p. 407. 

Contributed by the Applied Mechanics Division and presented 
at the Annual Meeting, New York, N. Y., December 1-6, 1957, of 
Tue AMERICAN Socrety OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 11,1957. Paper No. 57—A-26. 
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Fig. 1 Cross sections of beams typifying three cases of vibration 
method is described, and the frequency equation for the case of 
simple supports is given. For other end conditions, the Rayleigh- 
titz method is used to derive an equation from which approxi- 
mate values of frequencies may be found. 

For double coupling, the results of determining the frequencies 
of vibration by the exact method are given for various end con- 
ditions of the beam, including simple supports, fixed ends, and a 
cantilever. A useful and simplified approximate method of de- 
termining frequencies for any end condition is also presented 


2 Equations of Coupled Vibrations 


The equations of triple coupling may be derived by using 
d’Alembert’s principle and substituting inertia forces into the 
equations of static equilibrium. Consider first a beam of arbitrary 
cross section, Fig. 2, where the y and 2-axes are taken through the 
shear center O and parallel to the principal centroidal axes n and 
¢. The equations for bending and nonuniform torsion under 
static loads are 

d* d*u 
El; - , EI = We, 


> dz* ” drt 
wn &e 
Gt 
dr? 


where the following notation is used 


Fig. 2 Thin-walled beam of arbitrary cross section 





deflections of shear center in y and 2-directions, re- 
spectively 
angle of rotation of cross section 
intensities of distributed load acting along shear- 
center axis 
intensity of distributed torque acting along shear- 
center axis 
I, if principal centroidal moments of inertia 
C torsion constant 
c. warping constant 
E modulus of elasticity 
G modulus of elasticity in shear 


When the beam vibrates, the inertia forces of translation in the 
y and z-directions are 


ra) 
—mA v7 (v — gc,), —mA (w + de,) 


as may be seen from Fig. 2(c). In the foregoing expressions, the 
following additional notation is used: 


mass density of material of bar 
cross-sectional area 

time 

co-ordinates of centroid C 


Noting that the inertia forces of translation act through the 
centroid C, Fig. 2(a), and must be transferred to the shear center 
O in order to use Equations [1], it can be seen that the total inertia 
torque is 

2 2 


> — oe,)c, — mA 
va) z 2 ol? 


(w + de, ley 


O° 
—ml, ort + mA - 


where J, is the polar moment of inertia of the cross section about 
the centroid C. 

Substituting the inertia forces into Equations [1], three simul- 
taneous differential equations of triple coupling are obtained 


aX 
ol? 


4), 2» 


o* 
El; + mA — mAc, = 0 
or 


O*w oo 
+mA ar + mAc, v = 0 


Otw 
oxr* 


El, 


4 2? O*v o*w 
EC, wp Gc- Jn mAe, - + mAv, - — 
ox ox? wt 

, 


+ mI, — 


Po 


in which J, is the polar moment of inertia of the cross section 
about the shear center O. 

If the z-axis is an axis of symmetry, Fig. 1(b), so that c, = 0, 
then Equation [3] is independent and represents uncoupled bend- 
ing vibrations in the z-direction.‘ Equations [2] and [4] reduce 
to the equations for double coupling.® 

If the beam has two axes of symmetry, Fig. l(c), thence, = c, = 
0 and Equations [2], [3], and [4] become independent of one 
another. The first two equations represent uncoupled bending 
vibrations in the y and z-directions and the last equation reduces 
to the equation of uncoupled torsional vibrations.* 

Solution of Equations. The equations for triple coupling were 


4 Footnote 3, p. 325. 

5 Tbid., p. 409. 

¢ “Torsional Vibrations of Beams of Thin-Walled Open Section,’ 
by J. M. Gere, Journnat or Appiiep Mecuanics, Trans. ASME, 
vol. 76, 1954, p. 381. 
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solved by taking the displacements v, w, and @ in the product 
form X(x)7(t), where X is a normal function giving the shape of 
the mode of vibration. Substitution into Equations [2], [3], and 
[4] then yields three simultaneous ordinary differential equations 
for the normal functions, and also gives 


T = A, cos p,t + B, sin p,t 


where p, is the radian frequency of vibration. 

The three coupled equations for the normal functions were re 
duced to three independent equations by a procedure analogovs 
The result 
is an ordinary differential equation of 12th order for each normal 
function. These latter equations were solved by taking a solu- 
tion in the exponential form De’*, which leads to an auxiliary al- 
gebraic equation of 12th degree in r. Thus the expressions for 
the normal functions contain 12 arbitrary constants of integration 
as well as the values of r found from the auxiliary equation. The 
values of r depend on the radian frequency of vibration p,, inas- 
much as p, also appears in the auxiliary equation. Thus there are 
13 unknown quantities to be determined. Application of the 
boundary conditions at the ends of the beam makes it possible to 
determine 11 of the constants of integration in terms of the 12th 
There are two 
boundary conditions on v, w, and ¢ at each end of the bar, making 
a total of 12 conditions.? One of the constants of integration 
representing the amplitude of the vibration, remains arbitrary. 

The procedure for solving the equations of double coupling is 
similar to that just outlined, except that there are 8 constants of 
integration, instead of 12, appearing in the general solution and 8 
boundary conditions for each beam. This general method of 
solution’ was used to obtain values of frequencies for double 


to the solution of simultaneous algebraic equations. 


and also to obtain a frequency equation for p,. 


coupling for beams with fixed ends, one end fixed and the other 
simply supported, and for cantilever beams. Because of the 
extremely lengthy computations, and since the solution must be 
by trial and error (assuming a value of frequency p,, at the be- 
ginning and then revising as necessary ), it was found desirable to 
program the calculations on an IBM 605 Card Programmed Cal- 
culator. 

For a simply supported beam it is possible to show*® ” that the 
normal functions are sine functions for both triple and double 
coupling, and hence the solution is greatly simplified. The result 
is a quadratic equation for the two frequencies of double coupling 
and a cubic equation giving the three frequencies of triple 
coupling, given in later sections. 


3 Solution by Rayleigh-Ritz Method 


The Rayleigh-Ritz method'! may be used to determine ap- 
proximate values for frequencies of coupled vibrations, and offers 
the advantage of much simpler calculations than the exact method 
The method is based upon the principle of conservation of the 
total energy of the system. For a beam undergoing coupled 
vibrations, the strain energy LU’ and kinetic energy 7 of the beam 


The results are presented in section 4. 


are 

7 The boundary conditions for bending are given in footnote 3, p. 
331, et seq., and the boundary conditions for torsion are discussed in 
footnote 6. 

8A more complete discussion of the solution of the differential 
equations for both triple and double coupling, for any end conditions 
is given in footnote 9. 

* “Bending and Torsional Vibrations of Thin-Walled Bars of Open 
Cross Section,”’ by J. M. Gere, dissertation, Stanford University, 
Stanford, Calif., 1954. 

10‘‘*Free Vibrations of Straight Bars With Thin-Walled and Open 
Cross Section’’ (German), by K. Federhofer, Sitzungsberichte der 
Wiener Akademie der Wissenschaften, Math.-Natur. Klasse, vol. 156, 
IIa, 1947, p. 393. 

1! See, for example, footnote 3, pp. 380-385. 
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If the origin for time is taken at the instant the beam is in the 
static equilibrium position, we may write 


moX, sin p,t 


o= u 


X, sin p,t 
@ = GXo sin Pal 
where t » Wo, Po represent amplitudes of vibration, and X,, ae X 


are functions of z only giving the mode shapes of the vibrations 
Substitution of Equations [8] into Equations 


; Ez I ( 


5] and [7] gives 


y dx 
) as | sin? p,f 


d?X 


-) ar + w,ET, | ( 


a 
a 
Z Jo 


f ( 


aX, 
dr? 

dX 
rm 


or, more Concise ly 


Pe Mf cos* pet 


\ 


where and MV represent the 


terms in brackets 
Equ iting the m ixiImum strain energy and the maximum kinetic 


energy, we obtain the relation 


13 


Equation [13] contains the amplitudes r, wo, and @o, for which 
the optimum values are those resulting In & Minimum value o 


p,, (or p,? 


f 
I 


This condition is fulfilled when 


Op,” 
ou OD. 


Application of Equations [14] to Equation 


OM 
OI 


oM 
OM 


Equations [15] constitute a set of linear simultaneous equations 
for vo, Wo, Go With a trivial solution 1 = @ = 0. For the 
amplitudes to have values other than zero, the determinant 


formed by their coefficients in the simultaneous equations must 
be equal to zero 


= Ww 


This gives the following frequency equation 


XX ote 
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If the exact expressions for the mode shapes X,, X 
stituted into Equation [16], then the resulting solution for p,? also 
will be exact. Usually the exact mode shapes are not known, but 
substitution into Equation [16] of assumed mode shapes (satisfy- 
ing the boundary conditions) will yield an approximate solution 
for the frequency. 


For the special case of uncoupled vibrations (cy = c, = 0) 


X% are sub- 


eo - 


Equation [16] results in three values of frequency 
el /qzx \2 
EI; | (at) ae 
0 dx? f 
= 
mA X,7dx 
/ 0 
(= .* 
dxr?* 
( 


Tl, | 
0 d 
[ X,tdr 
) 
dX4\? *l /dX5\2 
: ) dx + GC ) lr 
dx? 0 dz 


? 


mI [ X4%dz 
0 


. 


where p,, p,, and pg represent uncoupled frequencies in the y, z, 
and ¢-directions, respectively, for any particular end conditions 
of the beam 

The effect of coupling is to alter both frequencies and mode 
shapes. However, changes in mode shapes are minor because the 
same boundary conditions still apply. Therefore in the Rayleigh- 
Ritz method we may use the uncoupled mode shapes as approxi- 
mations for coupled mode shapes, and Equations [17] represent 
approximate relations between uncoupled frequencies and coupled 
mode shapes. Substituting Equations [17] into Equation [16], 
expanding the determinant and simplifying, the frequency equa- 
tion for triple coupling becomes 


2 3 
(2°) (1 anus 
P,* 


where 


i oe 2 
[ . X,Xeiz | 
"xd ‘x 2d 
So rie f, = 
(' x.x,az |’ 
If ae oz | 
l > * t r 2 
f, X dz f, Xg*dx 


For double coupling, Fig. 1(b), vibrations in the z-direction are 
independent. Substituting c, = 0 in Equation [18], and also 
dividing by (p,?/p,?) — (p,?/p,*), we obtain 


.* 2 Ac? p,,? 2 2 
(25)'(1-e f) — Pe (i + PE) 4 Pet 
Py” Io p,* Py, Py” 
Equation [21] is the frequency equation for double coupling. 


In the case of simply supported beams, a = 8 = 1, since the 
three mode shapes are identical 


20] 


= 0... [21] 
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» . 00x 
X, = X, = Xs = sin _ 


For other end conditions both @ and 8 are less than unity 
This 


can be seen by substituting approximate mode functions into 


Schwarz’s theorem of inequality) yet very close to unity. 
Equations [19] and (20]. For most practical purposes, using @ = 
B = 
the next section. 


| is sufficiently accurate for any end conditions, as shown in 


4 Results for Double Coupling 

Simply Supported Beam. The equation for the coupled fre- 
quencies may be derived by the exact method described in section 
2, or found from Equation [21] of the Rayleigh-Ritz method by 
1 into that equation. The resulting equation 


$10) Is 


substituting @ = 
given by Timoshenko,? p 


I >. : ai 2 
(2) (4B) E 
I Py y 7 Py 
The symbols p, and pg in this equation represent the uncoupled 


These 


bending and torsional frequencies for simple supports. 
lrequencies are 


n°? (—t)" ny (Se t a) 8 
= i » Pe = ] al 


The coupled frequencies 


Py = 


and are constants for any given beam 


given by Equation [22] are plotted in Fig. 3. The lower coupled 


frequency is always less than the uncoupled frequencies p, 
Pe; and the upper frequency is alwavs greater 

Other End Conditions. Frequencies of vibration for the first 
mode were found by the exact method of section 2 for fixed-end 
beams, cantilever beams, and beams with one end fixed, the other 
Values were found for! J)/J, = 
and (b) The 


from Fig. 3) are re- 


simply supported (fixed-simple 
1.6 and 2.4 and the results are shown in Figs. 4(a 
corresponding curves for simple supports 
peated in Fig. 4 for comparison. Each of the calculated curves in 
Fig. 4(a) exhibits a “hump’’ in the region where the transition is 
made from predominantly bending vibration to predominant); 
torsional vibration. For the lower frequency, Fig. 4(6), the 
curves for the different end conditions are indistinguishable. 
qual-legged angle section 


value 1.6 corresponds to an « 
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Fig. 3 Frequencies of vibration for double coupling for simply 


supported beam 
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Fig. 4(@) Frequencies of vibration for double coupling—upper 


frequency, first mode 


SIMPLY SUPPORTED BEAM 
FIXED - SIMPLE BEAM 
FIXED END 


CANTILEVER 


BEAM 


# 

PY 
Fig. 4(6) Frequencies of vibration for double coupling 
frequency, first mode 


3 
lower 


The uncoupled frequencies of vibration p, and pg, as used in 
plotting Fig. 4, have different values for each end condition 
The uncoupled bending frequencies (see footnote 3, p. 336, et seq. ) 
may be written in the form 


: 7? ( Be ‘Vs 
+ ihe BP =) 


\ 


[24] 


where k is a constant depending on the end conditions. For the 
first mode, the value of & for a simply supported beam is 1; for 
fixed ends, k = 2.267; for a cantilever, k = 0.3562; for a fixed- 
simple beam, k = 1.562. The uncoupled torsional frequencies pg 


for any end conditions are obtained from the equations and 


graphs given in footnote 6. 

It is seen from Figs. 4(a) and (6) that the relation of the 
coupled to the uncoupled frequencies is nearly the same for all 
end conditions. The values of p,/p, for the lower frequency 
which is usually the frequency of most practical interest, differ | 
less than 1 per cent between the various end conditions Th 
close agreement holds for values of pg/p, less than 5, which wa 
the limit of the computations. For the upper frequency the dif- 
ferences are larger, especially for the higher values of pg/p,, 
Thus within this accuracy, the frequency 


equation for a simply supported beam, Equation [22], also may be 


indicated in Fig. 4(a) 
used for other end conditions. Inasmuch as an exact determina- 
tion of frequency 1s an extremely laborious process for end con 
ditions other than simple supports, the use of the approximate 
In using the 
4, it must be 


proced ire results in considerable s iving of _ effort 
approximate me thod, and when referring to Fig 
kept in mind that p, and pg are the uncoupled frequencies cor 


articular boundary conditions being 
] - 


re sponding to the 


sidered 


5 Results for Triple Coupling 


Supported Rean The equation for the coupled 


where p,, p,, and pg are the uncoupled frequencies for a simp] 


supported beam. The frequencies p, and pg are given by Equa- 


dditior 








Fig. 5 Frequencies of vibration for triple coupling for simply sup- 
ported beam 





nr? (=) . . 
Pp, = . [26] 
- mA 

Equation [25] may be obtained from the exact analysis de- 
scribed in section 2 or by substituting a = 8B = 1 into Equation 
[18]. The equation gives three values of frequency for each 
mode. One frequency is always higher than any of the uncoupled 
The third frequency is in- 
A graph of the 


frequencies and one is always lower. 
termediate between the uncoupled frequencies. 
coupled frequencies, showing their relation to the uncoupled fre- 
quencies, is presented in Fig. 5, for particular values of the ratios 
c,/c, and p,/p,. 
these parameters. 
Each of the three frequencies for a given mode corresponds to a 
For example, in Fig. 6 are shown 


Similar plots may be made for other values of 


particular pattern of vibration 
the three vibration patterns (first mode) fora 6 X 3 X '/2 angle 
section supported as a simple beam on a span of 6 ft. The first 
figure gives the vibration pattern for the lowest frequency, the 
second figure is for the next higher value, and the third figure 
The frequencies were de- 


corresponds to the highest frequency 


termined from Equation [25] and the relative amplitudes’ of 


13 The displacements shown in Fig. 6 are greatly enlarged relative 
to the size of the angle section. 
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Fig. 6 Typical vibration patterns for angle section 
vibration in the y, z, and @¢-directions were found by the exact 
method described in section 2. 

Other End Conditions. The coefficients a and 8 in Equation 
[18] for triple coupling, derived by the Rayleigh-Ritz method, are 
very nearly unity for end conditions other than simple supports. 
This indicates that Equation [25], derived for simple supports, is 
reasonably accurate for other end conditions in a manner analo- 
gous to the situation for double coupling In using this ap- 
proximation, it must be recalled that p,, p,, and pg are un- 
coupled frequencies for the particular boundary conditions under 


consideration. 
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Some Solutions of the Timoshenko Beam 
Equation for Short Pulse-Type Loading 


ar Et. &. 


A collection of solutions to the Timoshenko beam equation is 
presented. Various types of support conditions and impact con- 
ditions are included. In every case the impact is assumed to be 
a pulse in the form of a half-sine wave. The results were found 
numerically, using the method of characteristics, except for one 
case, which was done in addition by the Laplace transform 
method, for check purposes. Agreement with experiment is good 
except for a pulse of duration comparable to the time required 
for the bending-type wave to travel a distance of one diameter. 
Discussion is included of the differences among the various cases 
studied. 


Nomenclature 


Tue following nomenclature is used in the paper: 
a 


dimensionless cross-section area = area h? 
l 
k VC 
;/p bar velocity 
.'G/p) = modified shear-wave velocity 
Co? Cg? 
modulus of elasticity 
shear modulus 
diameter 
const 
dimensionless section radius of gyration = radius of gyra- 
tion/h 
average shear stress in section 


a correction factor = - - 
maximum shear stress in section 


(Eh?) 


dimensionless moment = moment 


dimensionless shear force = shear force /(Eh?*) 
integration variable 
N2(a? — r2)]'/2 
M v/r[N(a? + r?)/* — r)} 


ro2 
r= + 


1 The material in this paper was obtained as a result of research 
supported by the U.S. Navy Bureau of Ordnance, under Contract 
NOrd-16498 with The University of Texas, Defense Research 
Laboratory, Austin, Texas 

Associate Professor of Engineering Mechanics, and Research 
Engineer, Defense Research Laboratory, The University of Texas 
Mem. ASME 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Los Angeles, Calif., September 8-10, 1958, of Toe AMERICAN 
Society or MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, May 17, 1957. Paper No. 58—APM-3. 
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Ss e 
, time 
dimensionless time 


MW Vr[M(a? + r?) 
(T w/T 
dimensionless transverse velocity of element = 
velocity /co 
dimensionless transverse displacement = displacement /h 
dimensionless axial co-ordinate = axial distance/h 


density 
dimensionless duration of applied pulse = duration 
variable of integration 


k R . °] 


dimensionless angular velocity of section angular 


velocity Co/h) 


Introduction 


There has been considerable literature on the solutions to the 
Timoshenko bending equation for beams (1—5)* subject to sud- 
den loads. This paper presents a collection of results obtained 
by means of the method of characteristics. 

In order to assess the accuracy of the solutions obtained by the 
method of characteristics, one case is worked out by the Laplace 
transform technique described in (3) and is compared with the 
same case worked out by characteristics. In addition, in several 
cases results are compared with experimental results of Ripperger 
6) and are found to be in good agreement, except when the pulses 
are exceedingly short. 


General Theory 


The equation known as the Timoshenko equation is usually 
presented as a single fourth-order partial differential equation in 
one variable, say, moment. It is more convenient, especially in 
using the method of characteristics, to substitute for the Timo- 
shenko equation four first-order equations. They are as follows 


in dimensionless form) 


oM 
Or 


(rotatory motion) 


og 
Ox 


(transverse motion 


(time derivative of moment-curvature 
or 


relation) 


+ wv) (time derivative of shear-de- 


-a/ 
ol or 


formation relation) 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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Elimination of all but one variable, say M, results in the usual 
form of the Timoshenko equation (in dimensionless form) 





01M o°M o1M o'M 
i. —— — k*(1 + C) 2C —— = 0.. [2] 
ox* ot? ox7dt? ott 
M (z, t) 
The initial conditions associated with Equations [1] are those for 
the bar initially at rest 
M(z, 0) = w(z, 0) = Q(z, 0) = v(x, 0) = 0 [3a] 
A variety of boundary conditions is assumed, which correspond 
to different types of end impact. These will be discussed later in 
the paper. One particular case is solved by Laplace transform 
and by characteristics. The boundary conditions assumed for 
this case are those corresponding to a sinusoidal moment applied 
to a simply supported end H 
T 
M(0, t) = H sin — t>0 
.. [8b 
M(0, t) = 0, i<0 [36] 
v(0, t) = 0 
By using the Laplace transform technique described in (3), it can For z 
be shown that 
Fort > VC x 
Pa | M (a, lt 
, H a es 
M(z,) = >)! - rem A 
a? + — H 
, - 
T * 
— wt ee 
| - sin 7'yr cos — + cos Tox sin "] 
T T 
H T 
ry i+ aT H 
a? + i — r 
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: mt rt 
— sin Sor cos — + cos Sor sin 3 


u 
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cos rt sinh Sz dr 


fr 
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Similar manipulation for the case r/r < b leads to: 
Fort >/Cz2z 


n\,_ 
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— wt a ne 
— sin 752 cos — + cos Tor sin 
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| 
oil 


T 


| : 
H T a Oe 
x — : cosh Sox sin 


b 
[ [1 ks rer cos rt sinh Sz dr 
/0 (a? + r? - r? 
T 
_ 
if <b [6] 
T 
<t VC x 
| _ 
H T 


nee we 
cosh Sor sin 


ey 
+ sin Myz cosh (Mfr — | dr 


|, [ ; ) <<" 


o = <6.. 
T 


Tr . Ps 
- 7, cos Mypz sinh (Metz — ri) 
(a? r2j/? ‘ 


~ 


(a? + =n | ( 


cos rt sinh Sz dr 


(7) 


The evaluation of the integrals in the foregoing equations was done 
numerically, after removing the singularities at 0, a, orb. The de- 
tails of this integration process are given in a report by Plass and 


For purposes of computation the following quantities were 


Assumed Constants 





Diameter of bar = 0.516 in., material steel [similar to one used 


experimentally by Ripperger (6)] 


30 X 10° psi 

0.30 

7.187 X 1074 Ib-sec?/in.* 
3/4 


Noe 


n Stowne (7 
o> >6..:... qj earer (). 
T 
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* 2 (OlAMETERS) 


7 TRANSFORM (SOLID LINE) 


CHARACTERISTICS SOLUTION (POINTS) 


Fig. 1 
M and ¢ are dimensionless 


Derived Constants 


I = 1.58115, b = 2.00000 


S, = 1.23789, T 


RN = 0.60000, a = 2.66667, 
= 3.20577 


In Fig. 1 are shown the results for the foregoing computation for 
z = 2.0,¢ = 2.0, 2.5, 3.0, 3.5, 4 These results are on 
the curve labeled “Laplace transform.’ In the same figure is 
shown another curve which is obtained from the solution of the 
same example by the method of characteristics (curve labeled 
“Characteristics Solution’). This method of solution will now 
be discussed. 


Solution by Method of Characteristics 


A rather complete discussion of the method of characteristics as 
applied to the Timoshenko beam equation is given by Leonard 
and Budiansky (8). The characteristics for Equations [1] are 
curves satisfying the following four differential equations 


dt 
dt 


dt 


In reference (8) it was assumed that the velocity-square ratio C is 
unity; that is, the modified shear-wave velocity cg was assumed 
to be equal to the bending-wave velocity c. In the present paper 
this restriction is removed. When these relations are used, to- 
gether with the four first-order equations, Equations [1], it can be 
shown that 


dM — Ak*dw = Qdi, along dt = dz 


dM + Ak*dw = —dz 
A 

dQ — - dt 
v ( 


—Qadt, along dt 


A P 
7 wdt, along dt VC dz 


dQ + dy = along dt —~VC dz 


A 
— url, 
C 


VC 


These equations are solved numerically for M, w, Q, v by writing 
them as difference equations for corner points of an element 
bounded by two sets of characteristics of the bending-wave 
family, dt = +dz, Fig. 2. 

Within this element are two members of the modified shear- 
wave family dt = ++/C dz. The difference equations, obtained 
directly from the differential equations, Equations [9], are as 
follows 


Comparison of results compiled for x = 


2 from Laplace transform and characteristics; 


at = + du 
B -—-=---— oe a 
o) t JE ax 


Fig. 2 Element used in numerical computation by method of 
characteristics 


Fig. 3 Two consecutive elements 
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In the foregoing 
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i+ VC 
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ete., for v4’, 00’, Wa’, We! 


Equations [10] are solved simultaneously for Mp, wp, Qp, vp in 
terms of values, previously calculated at A, B, C of the element. 
In Fig. 3 is shown a strip composed of elements similar to the one 


just discussed. If the values are known also at D, then they can 
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Fig. 4 M — ¢ curves at various stations along bar with pinned end, 
resulting trom half-sine moment impact. +r = 4.8, C = 4. 
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Fig.5 M — ¢t curves at various stations along bar with pinned end, 
resulting from half-sine moment impact. + = 10, C = 4. 
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be found for R, after having obtained the values at P, and so on. 

Since new values depend upon previously determined values, 
there has to be a starting point somewhere. In the problems 
solved in this paper, the end of the bar, x = 0, is subject to 
various types of impacts in the form of continued sine waves, or 
single half-sine waves. In fact, the cases for the single half-sine 
wave are all solved by superposing solutions for the continued 
sine wave for starting times differing by one-half period. In all 
cases, the values of M, w, Q, and v along the leading wave front 
t = xz, are assumed to be zero. Along the ¢-axis, i.e., the end of the 
bar z = 0, two of the four variables are specified, depending upon 
the kind of support and the kind of impact supplied. The remain- 
ing two variables along the t-axis are computed by means of the 
two difference equations associated with the right half of the 
element of Fig. 2 

The results are shown in Figs. 4 through 14. 4 and 5 are 
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Fig. 6 M — t curves at various stations along bar with unsup- 
ported end, resulting from half-sine moment impact. +r = 2.4, C = 
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Fig. 7 M — ¢t curves at various stations along bar with unsupported 
end, resulting from half-sine moment impact. +r = 4.8, C = 4. 
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EXPERIMENTAL 
TIMOSHENKO EQUATION 








Fig. 8 M — t curves at various stations along bar with unsupported 
end, resulting from half-sine moment impact. +r = 6.0,C = 4 
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Fig.9 M — t curves at various stations along bar with unsupported 
end, resulting from half-sine moment impact. +r = 10.0,C = 4 


M — t curves at various stations for pin-ended beams subjected 
Figs. 6, 7, 8, and 9 are similar curves for un- 
Experi- 


to moment pulses. 
supported beams subjected to an end-moment pulse. 
mental results of Ripperger (6) are included in Figs. 6, 8, and 9. 
Fig. 10 shows one set of moment-time relations for a half-sine 
shear impact on the unsupported end of a semi-infinite beam. 
The effects of prescribing transverse or angular end-section 
velocity are shown in Figs. 11, 12, and 13. 

Solutions for a different value of C, C = 3, were carried out. 
One set of results is shown in Fig. 14. A lower value of C is 
equivalent to a relatively larger value of cg with respect to co. 
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t curves at various stations along bar, resulting 


Fig. 10 M 
48,C = 4 


transverse shear force half-sine impact. +r = 


General Conclusions 


a) Comparison With Experiment. The experimental results of 


Ripperger (6) for moment impacts having timewise variations 
very nearly in the form of a half-sine wave are selected for 
comparison with theoretical results. The moments in every cast 
were generated by means of the eccentric impact of a small ste« 
ball on the end of the rod. The longitudinal wave, also generated 
by such an impact, was eliminated from the strain measurements 
by connecting diametrically opposed strain gages properly. For 
such a connection only the bending-wave strains are recorded 
In Figs. 6, 8, and 9 are shown some strain records converted t 
dimensionless moment records by means of multiplication b» 
proper constants. It is seen upon examining these figures that 
except for the shortest pulse, the agreement between the theoreti- 
results and the experimental results 
that is 


equal to twice the modified shear 


eal Timoshenko equation 
is quite good The theoretical results are those for C = 4; 
for the bending velocity « 
This is the nearest value to that for circular steel 

Hence the bulk 
A reduction of the 


vel CITY Co 
rods, according to Timoshenko’s assumptions 
of the calculations were made with C = 4 


value of (, *, is thus equivalent to an in- 


with fixed co = (E/p 
crease in the modified shear velocity cg. Such a change would 
result in somewhat the same form for the moment-time curves at 
the various stations, but a more rapid propagation of that portion 
of the energy which is primarily in the shear mode of transmission 
The experimental data agree, so far as time relationship is con- 
cerned, most closely with the theoretical results for C = 4. On 
comparing the curves of Fig. 6 (C = 4, 7 = 2.4) with those of 
Fig. 14 (C = 3, r = 2.4) it is seen that the large peaks for C = 3 
occur earlier in time than those for C = 4, as anticipated. The 
fact that experimental results are predicted as accurately as they 
are hy the Timoshenko theory for C = 4is encouraging. Becausé 
of the frequently good agreement, it can be said with a fair degre« 
of confidence that the results presented in the other figures in 
which experimental data are not presented are reliable. For im- 
pact loads, the Timoshenko theory is quite satisfactory, provided 
that the duration of the impact exceeds the time required for a 
bending wave (velocity = ¢o) to travel a distance equal to the bar 
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M — t curves at various stations along bar, resulting from 


Fig. 11 
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transverse velocity half-sine impact. 
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Fig. 12 M — ¢ curves at various stations along bar, resulting from 
angular velocity half-sine impact, end simply supported. + = 4.8, 
C =4. 


(6) Comparison of Theoretical Results (Timoshenko Equation) 
for Similar Impacts but Different Methods of Support. The 
moment-time relations at various stations resulting from half- 
sine moment impacts are shown in Figs. 4 and 5, and Figs. 6 
through9. The curves for Figs. 4 and 5 are those resulting from 
assuming the end to be simply supported, while those of Figs. 6 
through 9 are for an unsupported end. Certain similarities as well 
as differences are noted in comparing figures for impacts of equal 
duration; e.g., Figs. 4. and 7. When the impact end is simply sup- 
ported, the moments do not build up anywhere to values as large 
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Fig. 13 M — ¢t curves at various stations along bar, resulting from 
angular velocity half-sine impact, end unsupported. r = 4.8,C = 4. 
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Fig. 14 M — ¢ curves at various stations along bar, resulting from 
moment half-sine impact, end unsupported. +r = 2.4,C = 3. 


as those occurring when the impact end is unsupported. During 
the earliest stages of the development of the M — ¢ wave there 
are, however, only small differences. It is also noticed that for 
the simply supported end the largest peaks occur later in time 
than for the unsupported end. This seems to indicate that large 
shear waves are formed more slowly when the end is supported. 
(c) Comparison of Theoretical Results (Timoshenko Equation) 
for Similar Types of Support but Different Types of Impact. On 
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comparing Fig. 7 with Fig. 13 for unsupported beams with 
moment and angular velocity half-sine impacts, it is seen that the 
main difference between the M — ¢ trace at the station under 
study is in the amount of spreading out of the wave. For moment 
impacts the M t curve is less dispersed than for angular- 
velocity impacts. It also should be pointed out that the two sets 


of curves have opposite polarity, since the definition of positive 
w and positive M are opposite for the section on which they are 


assumed to act 

Similar comparisons for Fig. 10 with Fig. 11 for unsupported 
beams with end shear force and end transverse velocity half-sine 
The transverse velocity impact in 


impacts, yield similar results 
this case is the lesser dispersed of the two. 

For simply supported bars, differences between results of 
moment and angular velocity impacts can be seen by comparing 
Similar conclusions are obtained to those for 


The dispersion for moment impacts is not as 


Figs. 4 and 12. 
unsupported bars. 
great as that for angular velocity impacts. 
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Nonaxial Bending of Ring Plates 


of Varying Thickness 


By H. D. CONWAY,! ITHACA, N. Y. 


A solution is given to the problem of the bending of circular 
ring plates of varying thickness which are subjected at their 
outer and inner edges to any system of forces and moments. 
The thickness is assumed to be proportional to any power of the 
radius, this having the effect of making the solution tractable. 
Numerical results are given for a plate, clamped at its inner, 
free at its outer, edge and subjected to a normal concentrated 
load on its outer edge. The constant-thickness version of this 
problem was first solved by Reissner.* 


Introduction 


Tue problem of the nonaxially symmetrical bending of circular 
plates of constant thickness has received a great deal of atten- 
tion in the literature because of its considerable practical and 
academic interest. On the other hand, solutions to the corre- 
sponding problems of varying thickness are rare because of their 
inherent difficulty. However, the problem of a circular disk 
of variable thickness simply supported or clamped around the 
rim and bent by a couple applied to a rigid central core has 
recently been solved by Baclig and the author,’ the plate thick- 
ness being proportional to any power of the radius. This 
solution is now extended to include any ring plate bent by 
systems of couples and normal forces on its edges, the thickness 
variation being as before. 


Theory 


With the usual assumptions and nomenclature of small- 


deflection plate theory, the equations for the bending moments 
M, and Mg¢ and torque M,¢ are, respectively 
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The equations of equilibrium are 
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Substituting from Equation [1] and assuming the flexural rigid- 


ity D is a function only of r, gives 
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For a ring plate subjected to any system of forces and moments 
on its inner and outer edges, we may write the deflection in the 
form 


m m 


u = Ry T >» R(r) cos m@ 4 7. 
l 


S(r) sin mé 


where Ro, R, and S are tunctions only of 7 
Consider, for example, the cosine term. After substitution in 


Equation [3] we obtain, writing q = 0 


2 
D |e ‘=a 


where the superscripts denote differentiation with respect to r. 

It will now be observed that this equation is homogeneous if 
the thickness of the disk is proportional to some power of the 
radius and the flexural rigidity written as D = Dj(r/a)™. 
Because such a plate would either have zero or infinite thickness 
at the center according as to whether n is negative or positive 
it is assumed that we are dealing with ring plates. Thus we 
write 

dD —nD @D n(n + 1)D 


= . = . 16) 
r dr? rs : 


and obtain 
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rk’ + 2(1 — n)r'R’’’ + [n(n + 1) — n(2 + v) — 2m? — I) r*R”’ 


+ [1 + 2m? + n + 2m*n + vn(n + 1)]rR’ + [m* — 4m? 
3m*n — ym?n(n + 1)JR = 0 

By the transformation z = log r, this becomes 

d‘R ; ,», eR 

dz‘ dz 


dR 
Vv) + 


~ dz 


m*[m? — 1 


(3 + yn\in + 1))R = O..[8 


ind, for solutions of the form R = e™, the characteristic equation 


is the quartic 


Af — 2A%{n +4 


1Q 


To find the roots of the characteristic equation, we write the 
latter in the form 


A+a,+8,)(A 


which gives after multiplication 
At + 2QA% ay + ae) + AXa,? 


A[2a,( a,” 3, 
Comparing with Equation [9], we see 


and hence 


Af — 2A%(n 


[12 


Comparing the coefficients of A? and X in Equations [12] with 


} 
the corresponding ones of Equation [9] we find, after some 


simplifications, that 


ind Equation [12] becomes 


At — 2A%n +4 


Thus the equations for finding 8; and 82, and hence, with Equa- 
tion [13], the roots of the characteristic equation, are 


B,? + B.? = 


or in forms more suited for computation 
nl 


(8? 8,7)? = n*{1 4m?n (2 + 2p 4+ vn 


+ 16m? [16] 
A simple and interesting solution of the characteristic equation 


occurs when n = —2 and hence D = Do(r/a)*. The coefficients 
of A? and A then disappear, and we have a quadratic in \? 


x - 


2A%Xm? +1 —v) + m* 
The roots of this equation are 


a a 


=m, +(m? + ; 2v) 


For the constant-thickness case, n = 0 and the roots are 


A = +m, 2 m 


The deflected form of the plate will be given by the series 


+ Dr™ cos mé 20) 


where the A are the roots of the characteristic equation, these 
[13] and [16]. 
A similar result may be obtained for the sine series in Equation 
[4]. Axisymmetrical loading may be treated by writing m = 0 
in the cosine expansion. 

Finally, to obtain the solution to a particular problem, the 


roots being determined as shown from Equations 


loadings around the inner and outer edges of the ring plate are 
expanded in Fourier series, and the constants A, B, C, and D 
found from the boundary conditions. It will be observed that 
the X are functions of m, an integer, and n, the plate-thickness 
constant, and hence the A and consequently A, B, C, and D 


must be found separately for each value of m 


Example 


As a numerical example, we consider the hollow circular disk 
the thickness of which varies according to the equation D 
Da/r), that is, at its inner radius b, 
free at its outer radius a, and carrying a single normal concen- 
trated load P at its outer edge. We radius 
a/b of 4 The constant-thickness version of this problem was 
first discussed by H. Reissner.? 

Expanding the loading in a 
conditions at the outer radius r = a are 


n = 1, clamped rigidly 


assume a ratio 


Fourier series, the boundary 


1 OM. re) 
= —]) (Vw) 
r OO or 


(l—v)0o ( O*w 
D 
o6 r orae 


1 Ow 
r? O60 r=¢ 


r #2 —_ 
(; + > cos nd) 
Ta < ' 


O?w 1 Ow 1 O0*w : 
Ly } = 0 . [21] 
or? r or r? o6? 


De» being the flexural rigidity at the outer radius and the angle 
8 being measured from a radius through the load P. At the 


l 1 1 
3 (n + 2)? — n(1 — v) + 2m?; | (n + 2)° — 3. | k (n + 2)? — a. | 


. [15] 


= m*[m — 1 — (3 + vn\(n + 1)) 
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inner radius r = b 


From Equation [20] these give 
Ab™ + Bb + Cb™ + Db = 0 
Adib™ + Bdsb™ + Crab + Dyb™ = 0 
A[A(A, — 1) + vA, — vm*ja™ + B[Aa(A2 — 1) + v2 — vm*ja™* 
+ CAA: — 1) + PAs — vmtja’* + DIO — 1) 
+ vAy — vm?ja™“ = 0 
A[(Ar — 2A? — m?) + (1 — v)m%1 — A,)Ja™ 
+ Bi(A: — 2A? — m?) + (1 — v)m%{1 — A:)Ja™* 
+ Cl(As — 2) As? — m*) + (1 — v)m%1 — A;)Ja™ 
+ D{(\e — 2(Ae — m*) + (1 — v)m%1 — A,)Ja™ 


Pa? 
<< [23] 
TDs 
which enable A, B, C, and D to be found for each value of m. 
Assuming Poisson’s ratio v = 0.3, we have from Equations 
[13] and [16] 


—1.5 


l 
a = & = -~se +a < 


B;? + B,? = 3.8 + 2m? 
(B,2 — B?)? = 0.49 + 27.6m? 


from which we determine 
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m= = 000 = 2.000 
m = 0.703 = 2.297 
236 = 3.236 
218 = 4.218 
= 5.210 


m=: — 
m= = —| 
m H = —2.210 


Noting that a/b = 4, the roots of the simultaneous Equations 
[23] are determined for each of the foregoing values of m (and 
consequently \) and hence the deflected form of the plate is 
determined. 

For the deflection under the load, we thus find 


> 


Axial symmetrical load — 
27a 


0.01280 Pa?/D, 


0.02900 Pa*/Do 

0.02059 Pa?/D 

0.00947 Pa*/D, 

0.00421 Pa?/D, 

0.00221 Pa*/Do 
and it appears that the maximum deflection at the load is given 
approximately by 


Pa? 
Wmax = 0.08 D 


v( 4 5S, ) 
or? r Or > Of? 


O*w 1 Ow 1 Ow 
—D v —_ -_ — — A 
or? r Or r2 Of? 
also were investigated for 6 = 0 and various radii, and it was 


found that the greatest stress is radial and occurs at the inner 
clamped edge. It is given by 


Values of 


M, = 


Ms = 


> 


Frmay = 10.50 Ht 


where H is the thickness at the clamped edge. Reissner* found, 
for the corresponding plate of constant thickness 


Gr. = 7.90 
_— H? 








On the Transverse Vibrations of 
Rectangular Orthotropic Plates 


By N. J. HUFFINGTON, 

Frequency equations and modal eigenfunctions have been de- 
termined for the flexural vibrations of rectangular plates of 
orthotropic material, for those cases which may be treated by 
the method of M. Lévy (1)°. In addition, for a broader class of 
boundary-value problems, an orthogonality criterion for the 
eigenfunctions has been established and relations for the 
kinetic and potential energies derived. The value of these 
energy functions in dealing with forced vibrations is demon- 
strated. 


Nomenclature 
The following nomenclature is used in the papel 


Db 


flexural rigidity ol lsotropl plate 


dD, 


rigidity constants 
of orthotropic plate 


Young’s modulus of isotropic material 


Young’s moduli of orthotropic material 
shear modulus of isotropic material 
shear modulus of orthotropic material 
D 2D,, 


bending moment acting normal to boundary 
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twisting moments 
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ipplied transverse pressure 

generalized force 
O-w 

iD ( 


ty 


orner reaction 


OL’, 
iD 


ty 


Oroly 
kinetic ¢ nergy 
plate elgentunctior 
potential energy 
Kirchhoff shear reaction at boundar 


[> 
Oru 
dD 
| " OY 
re. 
dD, 
_ @ 
[. 
‘ OY 
ot l ie 


plate widths in x and y-directions 


O°*u O*u 


oroy? 


D WD, 


or 


O*u 
wD, 
Or*oy 


o*U..... 
1b, 
~ Oxoy 
OU, OU. | 
1D, 
Or-Oy | 


D 


trace on plane r= const 

respec tively 
plate thickness 

compli ance coefficients of elastic support 
circular frequency 
generalized co-ordinat« 
b/a aspect ratio 

time 

displacement of plate in z-direction 
rectangular co-ordinates 

D Dan? 
shearing strain 

D Worn? + mr? D 


dilatational strains 


m°*rtD 


Poisson's ratio of isot ropic material 
Poisson’s ratios of orthotropic material 
mass density of plate material 

normal stresses 

auxiliary time variable 

shearing stress 

frequency numbers 


Introduction 


rhe literature contains many analyses of specific boundary- 
value problems in small-deflection, thin-plate theory for which the 
1.4 Exact 
were obtained in a few cases, but the majority of these prob- 


transverse vibrations have been investigate: solutions 


lems were dealt with by approximate methods. These investiga- 
tions were, for the most part,® concerned 


with plates of isotropi 


*No attempt will be made to give 


erences; 


a complete listing of such ref 
however, the paper by Warburton (2) provides a fairly ex- 
tensive bibliography on the subject. 

5’ Certain exceptions being the papers by Hearmon (3), Kanazawa 
and Kawai (4), and Hoppmann, Huffington, and Magness (5 


which 
deal with the flexural vibrations of orthotropic plates 
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material. In the present paper, the flexural vibrations of rectangu- 
lar plates of rectangularly orthotropic material are studied for a 
class of boundary-value problems for which solutions of classical 
type may be obtained. Only the transverse inertia forces will be 
considered, the effects of rotatory inertia and shear deformation 
being neglected. The reduction of the solutions possible in the 
special case of an isotropic material is indicated in the Appendix. 

The results detailed herein should be of value in vibration 
analysis of plates of wood, plywood, plastics, and of orthogonally 
stiffened plates (5) to the extent that rotatory inertia effects do 
not become excessive. 


Statement of problems 

An orthotropic material, possessing three planes of elastic sym- 
metry at a point, has nine independent elastic constants. Only 
four of these constants occur in the flexure theory of thin plates, 
for which the strain-stress relations may be written 


A] oO; 
E, 


¢, = 


Vey 
E 


l 
Yzy -s GC Try 


Try 


provided that the z, y-axes coincide with the symmetry axes of the 
orthotropic material. Since the matrix of elastic coefficients must 
be symmetric, there exists the further relation 

y v 

a aes [2] 

E, E, 
which reduces the number of independent elastic constants to 
four. 

With the customary assumptions that the strains are propor- 
tional to the distance from the neutral surface and that the curva- 
tures are small, one may derive the differential equation of motion 
for the transversely vibrating plate of homogeneous orthotropic 
material 
Ow O*w 


+ D, — + ph — = P(z, y, t)....[3] 


Otw Ow 
z*Ody? ¥ oy ot? 


— 2H 
* ox 2. 


The symbols employed, plus the definitions of various quantities 
significant in plate theory (e.g., bending and twisting moments, 
shear reactions, concentrated corner reactions), are fully listed in 
the Nomenclature. In order to obtain reasonably tractable 
boundary conditions, attention will be restricted to cases where 
the symmetry axes of the material are orthogonal to the 
plate boundaries. The usually considered limiting cases for 
physical boundaries may be expressed as follows 


w = 0 


, ) 
s ly supported edge < > on boundary 
imply supported edge ia. = of ’ 


\ w=0 
Fixed edge ) ow P > on boundary 
on { 


M ) 
Free edge ‘ | ; on boundary 


where n is the direction of the normal at the boundary, which 
may be either the z or y-direction for the cases to be considered. 


Free vibrations 


No difficulty is encountered in effecting a separation of space 
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and time-dependent variables for the homogeneous form of 
Equation [3]. Letting 


w= z » UnnlZ, Y)Imnlt) [4] 
m n 


it develops that 4,,,, is a harmonic function of time with circular 
frequency p,,, and that U,,,, must satisfy the equation 
OU nn 


+ D, dy! 


D i 0¢U,,,. 


2H = = ph 2U/ [i 
ox Oxr*dy? PAP mn*Umn- - - (5) 


A further separation of U,,,, as a product of a function of z and a 
function of y is not generally possible; however, M. Lévy (1) in 
connection with the static flexure probem has noted that the 


, SS .. 
sin Yuanl¥) 
a 


m 


assumption 


w= (m an integer 
effects a separation of variables for plates having two opposite 


edges simply supported. Applying the Lévy method, i.e., assum- 


ing 
U,,,{z, y) = sin 


and substituting this into Equation [5] leads one to the following 
ordinary differential equation for Y,,,, 
* mr? H dy, ‘ (= dD, - php,” 

e* BD. 


d‘y ,,, 
dy* ee D, dy? 


The general solution of Equation [7] is 


nl PinnY 


, . 9. . , 
Yen = Cimn cosh + Com, sinh 


+ Comyn Sin 


Vn 
a 


where 


tn = Tp, 


= ( _ pp, + mtPmn’\" _ |” 
= = VD, ore niet 


For homogeneous boundary conditions of the type discussed ‘n 
the preceding section, only the ratios of the constants C,,,,, are de- 
terminate, the fourth boundary condition leading to the frequency 
equation. The roots of this equation are the eigenvalues @,,,,, 
Wm, for which the solution is valid. These two sets of eigenvalues 
are not independent, but are related by the equation 


H 
Onn? — Wmn? = 2m? D.” 19] 


, hAD.a* 2\'/2 '/s 
= [ - 2, +e ) + i | 


m‘*r* 


) 


” 


It will be seen that, for each value of m, there is an infinite number 
of roots of the frequency equation. These roots are numbered in 
ascending order: n = 1, 2,3,.... For each @,,,, there is a corre- 
sponding eigenfunction U,,,, = sin (mmrz/a)Y,,,, which constitutes 
a normal mode of vibration of the plate. The complete solution 
is obtained by superposition of all the normal modes; i.e. 


, ins . 
w= sin ——Y,,,,(y) (Ann COS Pant + B,,, Sin p,, nt). [10] 
m n a 


where the arbitrary constants A,,,, B,,, may be evaluated to 
satisfy the initial conditions. The circular frequency p,,,, is re- 
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lated to the roots ¢,,,, of the frequency equation by 


Dy Onn" - 2m*r*H >,,,.” + mr'D, . 


[11] 
a*y/ (ph 


Pn 

Six particular cases have been investigated, involving plates 
with combinations of simply supported, fixed, and free edges 
which have solutions of the form of Equation [10] (see Fig. 1). 
The frequency equations and the function Ton for these cases will 
now be presented. Case I, for which the solution is well known 


3), is ineluded for completeness. 


S x 


CASE 
I 
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CASE 
Vil 


2 

BOUNDARY CONDITION SYMBOLS: 
CLAMPED EDGE 

ELASTICALLY SUPPORTED EDGE 
FREE EDGE 

SIMPLY SUPPORTED EDGE 


Fig. 1 














Boundary-condition cases investigated 


The 


Case ,., 


frequency equation has the simple form 


sin Wins 


Plate simply supported on all four boundaries. 


r = 


the roots of which are 


Wms 


Therefore 


ph 


= ‘ nh 
and Y.. = sin 
, 
Case IT. 
The frequency equation is 


Plate simply supported on three edge 3, free on fourth. 


= a 
DinnOmn? 


tan Vpn? 
tanh @,,,.7 


Dine : 
sinh 7 sin 
a a 


sin Wyn? 


three edges, clamped on 


sinh Dine? é,, a 


Case III. 


fou rth. 


Plate simply supported or 


The frequency equation is 


tan y . 
tanh o,.7 


Q, mall 
sinh sin- 
a a 


sin Wrant 


Plate simply supporte d on two ¢ pposile edges, clan ped 


~ sinh Dn? 
Case lV. 
on other two. The frequency equation is 


1 
sinh @,.7 SIN Wank + DnnWone cosh @,,,.7 COS Wyn? 


” 


mr? 


mal mall , nl , ” 
cosh —""~ — cos v V,., sinh ——— — @,., sin v 


a a a a 
~ cosh ¢,,,7 — cos y, Y,,., sinh ,.,.7 — On, Sin W,,,.7 


Case V. Plate simply supported on two opposite edges, free on 


other two. The frequency equation is 


(Wann?¥mat — Pmn%0mn*) Sinh Pant SIN WyaT 


e 


+ 26,..WmnVmn% mn? (cosh ¢,,,7 cos ¥,,,.7 — 1) = 0 


Dinnd 


= cosh = T VYmn COS 
a a 
Yun = 


YmnOmn (COSh @,,,.7 — COS W,,7 


Pind Ve al 


a 
~ Vnn¥mn? 8inh Ona? — Oma dma? 82 Wont 


Winn ¥mn Sinh + DpanOmn SiD 


Case VI. 
on third edge, and free on fourth 


Plate simply supported on two opposite edges, clamped 
The frequency equation is 


sin Waa? 


cosh ®,,..7 COS Wena? + 2Y mnOmn | 


(Wenn?¥mn® — Pmn% mn?) Sinh @,,, 
T PmnWmnl(Ymn® T S..* 
and 


Daal ’ y nall 


- cos 
a a 


Yn COS Pyne? + Ing COS Woun? 


cosh 
Yn. = 


mall 


Vv... sinh — ¢,,, sin 
Pi Van sinh Pn? i PmnOmn sin Ys 


Pmnl/ 
a 


In addition to the preceding boundary-value problems, the 
more general problem of a plate with two opposite boundaries 
elastically supported has been investigated. If the support is 
linearly elastic with respect to both transverse displacement and 
slope of the boundary normal, the boundary conditions may be 
expressed as 





ou’ 
oy 


La 
y=0 ” Iyad 


(Ki, Ke, Ay, Ay > 0 


The application of these boundary conditions in conjunction 
with Equation [8] leads to the results which follow 
VI. 


elastically supported on other two. 


Case Plate simply supported on two opposite edges, and 


The frequency equation is 


a Veen K, Aea' Do Om Oma? K, K.a') + K3K,a*} 


*(K2KiQmn?Wmn? 
- KKaé....? 

+ AW oY mr 

+ K;K,a*( Kia? — Kod,,,?)] sinh ¢,,, 

K Wann Von" K, Kea‘) — KyKya*( Kya? 


Y, 
— kK, Ka 


+ a*(y,, + é,,, 


2K, Keat) — at K,K 


+ 


Ymn? - 


a 


6... + Kod, 7) nn2 


K a*y, x 
r cos Y,, al 
KW." 


Pik Veudne Kad 


K.ad, [= » sin Wann’ ] cosh 


K2AQpnWmn(Ymn + Omn , cosh @,,,.”7 + K,ad,,, sinh ,,,7 


Ki K,a , cosh @,,,7 + K,adg,,, 


/ 


r Kay cos ¥ 


(6,,. sin Y 


K,a@,,,. sinh @,,,7 


cosh ,, 


The frequency equations and eigenfunctions for the first six 
cases may be deduced from those of C ise VII by assigning the 
proper limiting values (0 or to the constants A,, Ke, As, and K,. 
In addition, other solutions for boundary-value problems involving 


the 


analvtically as 


less physically significant ‘“‘guided’’ boundary, expressible 


Ow 
Oy ly 


4% 


may be deduced from the results for Case VIT. 

The treatment of a specific vibration problem involving any of 
the foregoing boundary-value cases necessitates the determina- 
¥,,, of the appropriate frequency 
By consideration of the geometrical properties of the 


tion of the eigenvalues @,,,, 
equation 
unetions occurring therein and the use of available detailed tables 
(6, 7 find the 


The higher eigenvalues, if 


the transcendental functions , one may lower 
eigenvalues without excessive labor. 
needed, may be determined from explicit asymptotic relations, 
deducible from the frequency equations by virtue of the proper- 


ties of the hyperbolic functions of large argument and other order 


ol 


of magnitude considerations (8, 9). 

The existence of real roots for each frequency equation has been 
iscertained for a particular set of values of the parameters r, 
D,,/D,, D\/D,. Since a complete set of eigenvalues is associated 
with every assignable value of each of these parameters, no at- 
Such 


tempt has been made to provide tables of frequency roots 





sinh ¢$,,.7 Sin Wyn? + ODnnWmnl2y, 
Kya (Vn? 
> Qin Yan 


} cosh >, m 


cosh Din? 


sinh — 
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an extensive project would be facilitated by use of high-speed 
digital computing equipment 


Orthogonality properties 

Since both free and foreed-vibration calculations are greatl 
simplified when orthogonal eigenfunctions are employed, it is de- 
sirable to establish a criterion for the occurrence of such eigen- 
The plate 


comprise an orthogonal set provided that 


functions as determined by the boundary conditions. 
eigenfunctions U’,, 


Pa bl /) 
J J U_U.drdy 
0 0 ~ 


K, Kea* 


0 formn + 


1) 


Pann Onn? K, Kea‘) { 


| K, K-a*(y,,,,” 


+ Kok 7. 7 é,, cosh ®,,,,7 cos Wann? 


‘4 


4 K, Kya‘ 16 
T é... K,a°6,,,. T ky, 


sin y,,,7 — 2 


Kx, 


$, 


2 COS Wan? 


K,ad cosh @ 


Pour 


sinh @,,,, 


sinh QO Kad ‘ cosh od, 


+ K,ay,,,, sin y 


Consider Equation |5| and the corresponding equation satisfies 
by the 7j function. By multiplying the former by U, 
latter by U 


over the area of the plate 


1 +} 
and the 


, taking the difference and integrating the res 


one obtains an expression involving the 


Successive integrations by parts result the 


desired integral 


follow ing relation 
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i ou, kinetic-energy function for plates having the boundary conditions 
PuieD : . 
v" Qrdy? discussed in the preceding section reduces to 


o*U,, a ty ha? S° 
4D,, ) l us T = - yt kn 
U0 - m ’ 


or oy? 


ow . U,,(%? 
ee 13 
Ox Oy ’ ordy f0,0 ae 
The terms in Equation [13] have been grouped for identifica: A in ai | Un .*drdy 
° 0 0 
tion of their correspondence with the geometric and natural 


boundary conditions of classical thin-plate theory. Introducing 


n he potential energy (of strain) for a rectangular orthotropic 
the symbol \/,,.,. defined by the relation 


plate expressed in terms of the displacement function is given (11 


a’. | by the relation 
= DE (oes ne 
m r ox* if O*u O*w O*w 
| dD, ) + 2D 
3 > = 2 Jo Jo Ox? Ox* Oy? 
—_—_ M, 4 


O*w \* O*u 2 
* + D, | — ) + ap, { — ) drdy 
and quantities M,, fo Fas ., R,, defined in « similar man- oy" Oroy 


ner, Equation [13] may be rewritten as 
Substituting for w from Equation [4] and separating the terms 
; . proportional, respectively, to the squares and to the products ot 
“ , the generalized co-ordinates, Equation 17 | becomes 
0 


TE ee ff, Le Coe) 


\° 
Rose 14 
fo 0 


From this relation it is clear that the eigenfunctions of a plate 
having any combination of simply supported, fixed, free, or guided 
boundaries will be orthogonal. The elastically supported bound- 
ary may be in ided in this listing provided that the concentrated ; ai 

corner reactions are zero or directly proportional to the corne1 , 7 


Oroy _ 
} 


lisp cements This res ilt mav be established « isily by use ol the 
houndarv conditions of Equation 12 in conjunction vith It is desired to replace the double integrals appe ining in this ex 
Equation [14 pression by fully or partially integrated terms, to be evaluated at 
the boundaries, which may be grouped in the manner discussed in 
Energy functions onnection with equation 13 This may be accomplished D\ 
In the analvsis of forced vibrations by the Lagrangian method substituting for individual terms in the integrands expressions ob- 
10) it is necessary to express the kinetic and potential energies of ined by use of Equation [5 For example, to evaluate the first 
the vibrating svstem as functions of the generalized velocities and erm appearing in the quadruple summation, operate on Equation 
lisplaceme nts, respective ly st irting with the basic definition >! with 


ind introducing Eq 0 the kinetic energy assumes the 


nd on the corresponding equation for l with 
1 | (du 2. 1 q ) trd dD, 
0 m ’ Or* Or7* 
/0 
ph *a +h — = ike the difference, and integrate over the area of the plate 
° | » be I ee U mn i GmnGis dedy \fter two partial integrations one obtains 
“/J0 ~0 m ’ 
ie * *o ») az aU, 
ps De ee D “4 drdy 
9 Ymn ma OUOY 0 0 or" or" 
o m r J0 /0 . . 
a ra fb O7U,,, OU j 
r 9 pe Gnd } | mal’;; drdy.. (15 lt or? Or 
é m ’ i* ° 70 « 


where i*, j* imply that terms for which 77 = mn are excluded ‘ o7U;, OU,,., 
Since the latter term vanishes for orthogonal eigenfunctions, the Ox? or 





l a b OU, : 
+ ae D, Vol"; 
ph( Pi;” — Pimn ) 0 0 ox* 


OU," i 
= : Tv sf | _ dxdy 
or' ; 


where it has been convenient to employ the ‘‘orthotropic bihar- 
monic operator’’ 
o' 
D 


In an analogous manner, the other terms occurring in Equation 
[18] may be evaluated. When these quantities are collected and 
certain further partial integrations performed, the result takes the 
form 


1 a b 
« m n 0 oO 


W OU mal ir 
i ov fo ‘ 
eh 4 a,b 
= al bed a . - 2,0 
4 | J pe) Se Ame wl dy + Ip oe t | 
we ) or fo ' fo.o 
Gmn ij _ 


BEER etl fol 


mniit* j* 


és _ 
Vena es) — w( it = 
y : P vii dy 


b 
7.( 
«he . 2 
f pu 


‘ ( z OU. 
Pin oS 964 or 


se ue ae 
= Bij Rm is ¢ 0 [19] 


It is obvious that a great simplification of this expression occurs 
for plates with any combination of simply supported, fixed, free, 
or guided boundaries. For all these cases 


a») a 
2 mn 


In the case of the elastically supported plate, many additional 
terms remain after the application of the boundary conditions. 
However, these energy terms will be found to correspond to just 
the negative of the energy stored in the elastic foundation. Conse- 
quently, if V is used to denote the potential energy of the system, 
rather than that of the plate alone, Equation [20] is valid for this 
case as well. Reference to Equations [16] and [20] indicates that, 
for a plate having any of the boundary conditions discussed in this 

aper, the functions U,,,, (which satisfy the boundary conditions 
and Equation [5]) pair off with generalized co-ordinates 4,,,, which 
are the normal co-ordinates of the system. 


+4 Pact RisU me 


(20) 


Forced vibrations 


The forced vibrations of rectangular orthotropic plates, governed 
by Equation [3], may be readily investigated by the Lagrangian 
method with the aid of the energy functions. In general, the 
energy functions obtained by use of Equations [13], [15], and 
[19] will not necessarily be expressed in terms of normal co- 
ordinates. The use of the Lagrangian method will provide m x n 
ordinary differential equations which individually may contain 
terms in all the generalized co-ordinates and which must be solved 
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simultaneously. Approximate solutions for such problems may be 
obtained by iteration procedures. 

Restricting attention to those boundary conditions for which it 
has been shown that the energy functions may be expressed in 
terms of normal co-ordinates, the kinetic and potential energies 
are given by the simple relations of Equations [16] and [20] 
The substitution of these energy functions into Lagrange’s equa- 
tions leads to m X n independent differential equations of the 
form 


‘ us 
T Dan Gas 
, ’ pha*k,,., 


where the generalized force has the value 


a b 
Qt) = f, P(az, y, O)U,,,(2, ydrdy 


The formal solution of Equation [21] is easily obtained; 
[4], the displacement function u 


when 
this is substituted in Equation 
is found to be 


u( Zz, Y, maT 
a’ m=1 n=1 Kn Pon ph. 0 
a b 
sin p,,,,(t — T)dT + Pp» COS Poot f f w(x, y, OU, 

0 0 

a b 
+ SIN Drnt { f w(z, y, 0 U wtoty | [23] 

0 “ 0 


where w(z, y, 0), w(z, y, 0) are the initial conditions specified at 
t = 0 and the load P(z, y, t) acts fort 2 0. Other quantities of 
interest in design, e.g., stresses, shear forces, and reactions, may 
be determined readily once the displacement function is known. 


Summary 


The free transverse vibrations of thin rectangular orthotropic 
and isotropic plates have been investigated for a variety of bound- 
ary combinations, all of which had the characteristic that two 
opposite boundaries were simply supported. The method intro- 
duced by M. Lévy for treating static problems has been ex- 
ploited to obtain frequency equations and mode shapes for these 
boundary-value problems. Frequency numbers have been deter- 
mined for special cases but no tabulations are provided, since this 
would require a more ambitious computing program than is pres- 
ently contemplated. 

It should be noted that the results presented in the discussion of 
orthogonality properties and energy functions are not restricted 
to the class of problems which may be treated by the Lévy 
method, but apply whenever the separation of variables repre- 
sented by Equation [4] is possible. The relations expressed by 
Equations [13], [15], and [19] serve a dual purpose. They indi- 
cate great simplifications which are possible for many boundary 
combinations, even permitting deductions regarding the form of 
the energy functions for many boundary-value problems for 
which solutions have not been found. Also, these relations may 
be used in analyses where the boundary conditions lead to non- 
orthogonal eigenfunctions. 

Although only the formal aspects of the forced-vibration prob- 
lem are presented in this paper, the reader will find in references 
(8) and (9) examples of the application of such analysis to dynami- 
cal problems involving the blast loading of plates 
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APPENDIX 


The fore going results for plates of rectangularly orthotropic 
material necessarily apply to the special case of the isotropic ma- 
terial. Particularization to the isotropic case may be accomplished 
by replacing the orthotropic constants by their corresponding 


isotropic values as listed 


' Eh? 
D D, ~ vD D,, — 
12(1 vy? 

The frequency equations and mode shapes for isotropic plates 
with boundary conditions of Cases I-V1 have been listed pre- 
viously (8). Certain of these results may be compared with data 
Iguchi (12) has calculated frequencies for 
has derived a 


from other sources 
several modes of Case LIT, and Warburton (2 
transcendental frequency equation which may be shown to agree 
with the solution of this paper reduced to the isotropic case 
IV have been studied by 
Voigt (15 
frequency equation corresponding to Case V, and Zeissig (16) de- 


Frequencies corresponding to Case 
Sezawa (13), Kato (14), and Iguchi (12). derived a 
termined a number of frequencies and mode shapes for this case 
In addition, Warburton (2) has determined approximate fre- 


quency relations for isotropic plates having a wide selection of 


boundary conditions by use of the Rayleigh method 





Contact Stresses Under Combined 


Pressure and Twist 


By M. HETENYE anp 


An analytical solution is presented for the case when an elastic 
sphere is pressed against an elastic half-space and twisted until 
complete slip occurs. Formulas are derived for the stress and 
displacement components, their evaluation is illustrated by 
numerical examples, and comparisons are made with the results 
of photoelastic tests. These tests also furnished an experi- 
mental verification of the assumption that the tangential-surface 
traction is proportional at every point to the normal pressure 
within the sliding-contact area, the proportionality constant 
being the coefficient of friction. 


Analytical Solution 


Tue deformation and relative motion of spheres subjected to 
combined pressure and twist have been the subject of several pa- 
pers by R. D. Mindlin and his associates(1).‘ It has been found 
that, as the magnitude of the applied torque is increased, there is 
a widening annular band of slip occurring within the boundary 
of the contact area, leading to a nonlinear torque-twist relation 
which has interesting consequences. Though it has been sur- 
mised for some time that the state of stress due to such combined 
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loading was likely to be severe, since tests of this type lead to 
rapid destruction and failure of material at the contacting sur- 
faces (2), no solution of the corresponding stress problem has 
been attained thus far. 
such a solution for the limiting case when the applied torque is 
Ir 


the analytical solution it will be assumed that, at any point withir 


The object of this paper is to present 
large enough to cause slippage over the entire contact area 


the contact area, the tangential surface traction resulting from the 
applied torque will be proportional to the normal pressure 
produced at that point according to the Hertzian theory, the 
factor of proportionality being the coefficient of friction f betweer 
the contacting surfaces. In the latter part of the paper, it will 
be shown that photoelastic measurements corroborate the exist 
ence of this proportionality, which has been a basic assumptior 
in all previous analytical work dealing with relative sliding be- 
tween contacting surfaces (1 

Thus the problem can be formulated as that of a semi-infinite 
solid, loaded on its plane surface by a so-called “hemisphe rical 


distribution of Hertzian normal pressure, p a and a 
is shown 
6, ind cy 


ilso indicated in the 


similarly distributed surface shear loading (729 fp, 
Fig. 1. The eylindrical system of co-ordinates r, 


which will be used in the analysis, is 


in 
sritive 
figure, together with the positive directions of the corresponding 
stress components. The displacement components acting in the 


positive direction of r, 8, and z will be denoted by ind w, 
respectively. 

It has been shown (3) that it is possible to derive a solution for 
the 


However, it is easily seen that, in this cor 


this simultaneous pressure and twist problem by means of 
theory of potentials 
bined contact problem, the effects of pressure and twist are inde- 
pendent of each other; namely, owing to its axial symmetry, the 
normal pressure by itself will produce no circumferential dis- 
placement, v = 0. On the other hand, as shown by J. H. Michell 
4), this same v will be the only nonvanishing displacement com- 
ponent when the rotationally symmetrical surface-shear loading 
Thus there will be no “coupling” between the two 


the 


Is applied 
Since, for the normal loading alone stress 
components already have been given by A. Ek. H 
this place, for the sake of brevity, only the second part of the 
solution will be discussed; namely, that due to the surface-shea 
O and u 0, there will be 


The 


types ol action 


Love (5 , at 


loading. Having, in this case, 


only two nonvanishing stress components, 7,¢ and T.4 


‘ quilibrium conditions can thus be stated by one equation 


OT +4 OT 4 2 


or Oz 


Expressing these stress components in terms of the displace- 
J I 


Tr = u( 


where u denotes the modulus of elasticity in shear 


ment? 

Or 

or 

By substitu- 


tion into the foregoing equilibrium equation we get 


o% 
or? 
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Now, since we are dealing with an infinite solid, it is reasonable Ev 


to assume that the dependence of v on the co-ordinate z will be (1 + vl — Qvy’ 
of the nature of v ~ e~*', where t may be any parameter. This 

will make possible finite displacement and stress values at z = 0, the complete set of stress components, for the combined problem 
which will vanish as z—> ©. With this substitution, Equation 
[c] will reduce to an ordinary differential equation in r, which is 
satisfied by Bessel function of the first order J,(rt). Writing 7, = po 
now the solution of Equation [c] in terms of dimensionless varia- ' 


bles z/a and r/a, where a is the radius of the contact area, we 


of pressure and twist, is obtained as 


have 


Since this expression provides a solution af any arbitrary 
choice of the parameter ¢, it is clear that the same expression 
multiplied by any function f(t) also will be a solution. General- 


izing this, we may write 


- 2 t r 
a, t ) f(tjde 
0 a 


The problem is reduced now to finding a form for f(t) which 
will fulfill the prescribed boundary conditions; namely, that at 
z=0 


for 
fp 


We find that these conditions are satisfied by taking 
In the foregoing equations & denotes the non-negative root ot 


J1%(t/2 an = fpyra/2 
1/t)J,t/2), and A poma / 2p the equation 


The solution for , therefore 


} potra 
2u 
which, on substitutior 


ponents as 


Since 


in the limiting case, when 2 0, we have 


The formulas in Equations [1], [2], and [3] constitute the com- 
plete solution for the torque loading Adding these to the formu- 
las of Love (5 and using Lamé’s elastic constants, A and M, 
which, in terms of Young’s modulus of elasticity FE and Poisson's hus we get from Equations | 


for surface stresses 


ratio v, are 





(Tralee = 0 


~foo — a( Ee ma( oe it 
wa (ie) 4 >*) a 


/0 


TI)—0 = 


rhe fact that, for z = 0, Equation [4/] reduces to the form 
given in Equation [5f], can be proved by means of a formula by 
Sonine, given in G. N. Watson's treatise (6). Though we find 
from Equation [5f) that (7.4)0 — fpo as r — 0, from the original 
Equation [4f] it is clear that (7,@),-0 has to vanish when r actually 


becomes zero. Therefore at r = 0 there is a singularity, a “hole 








Fig. 2 Normal stresses at surface 


in the surface-shear loading. This is, of course, a physical re- 


quirement because of the rotational symmetry of the loading, but 
it is satisfying to see that the mathematics employed is capable 

A similar 
[4e] 


of expressing this particular feature in the solution. 
singularity occurs also in the integral for 7,¢ in Equation 
The evaluation of this will be discussed in detail later on, when 
comparisons are made with photoelastic test results. 


rf? 

; i (1 
2r(X + bu 

poa? 
2r(X + p) 


) fpoma 
(v = a 
0 Qu 


pora r T 2u 
8u A+yb 
pa \ + 2p 
tu A+y 


c,, as calculated from Equations [5a] to [5c] 
It is to be noted that for Poisson’s ratio v 
of hydrostatic compression, 7, = o@ = ¢, 
within the contact area, which will be found very helpful later 
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With reference to Equations [5a] and [5b], we find that 


= D-(-3)"]- 


Consequently, for z = 0, and r = 0, 


GO, = 09 = Po . 
. 

\ graphical representation of the surface stresses o,, o@, and 

is shown in Fig. 2 

= '/, there is a state 


o, = p, at every point 


on in the interpretation of photoelastic data. 


The displacement components b. @ and u, due to the combined 


pressure and twist, are as follows 


| pomra 

2u 

por fA + 
fu 


The foregoing expressions for u and w had not been actually 


given by Love (5). However, there are enough fundamental 


data in his paper from which these formulas may be recon- 
structed with relative ease. 
At the surface, z = 0, the foregoing displacements become 
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Fig. 3 Displacement components at surface 


rhe variation of these displacement components within the 
contact area is shown in Fig. 3, for Poisson’s ratio v O03 It is 
that for vy = '/:, that is, A = @~, the 


becomes zero everywhere on the surface 


seen from Equation [7a] 


radial displ cement 
Photoelastic Tests 


The foregoing analytical work was complemented by a series 
I photoelastic tests, using Fosterite models and the three- 
jimensional “‘stress-freezing’’ technique. 

In each test the model consisted of a pair ol solid Fosterit 
cylinders, one of which had a flat end and the other a spherical 
The two were mounted, in contact, in a 


end of 6 in. radius 


specially designed loading frame This frame prevented the 
upper cylinder from rotating, while it provided complete freedom 
“as regards vertical displacement The lower cylinder, on the 
other hand, was mounted on a circular platform, resting on 
single ball bearing in a conical recess. This arrangement elimi- 
nated any possibility of a sidewise shift from the common axis of 
the two cylinders when the torque was applied to the circular 
plat form The entire frame was placed in an electric oven for the 
tests, with cables leading to the outside for the operation of the 
torque-loading 

The testing procedure consisted of first weighting the assembled 
:ylinders with a vertical load of P = 12 lb, then closing the oven, 
and slowly raising the temperature to the annealing level of 90 C 
At this temperature the torque was introduced. Its magnitude 
was to be as near as possible to the maximum torque value, in 
order to simulate the condition assumed in the analytical solu- 
tion, without actually causing total slip. To assure this, a series 
of preliminary tests was made to determine the coefficient of fric- 
tion between freshly machined and carefully degreased Fosterite 
surfaces at the annealing temperature, which gave an average 
value of f = 0.564. On this basis it was possible to make several 
tests in which the applied torque was about 95 per cent of the 
The radius of the contact area in each of these 
12 lb, 


as the elastic constants of 


total slip torque 

0.368 in., corresponding to the values of P = 
and E 1620 psi, v= 25 
Fosterite at the elevated temperature 


tests Was a 


r = 6 1n., 


After the completion of the annealing cycle under constant 
vertical and torque loadings, the model was removed and its 
frozen stress pattern analyzed. As a rule, slices were taken out 
for this purpose only from the flat-ended cylinder, while its 
counterpart was used over again, after it was strain-free annealed 


and its spherical surface remachined 


a b 
Photoelastic patterns in a in-thick surface layer. (a 
6) normal load, plus an estimated 88 per cent 


Fig. 4 
Normal load alone; 
of total-slip torque. 


{ qualitative picture, illustrating the difference in the stress 
lhe 


view on the left was taken of a top slice of a model loaded only by 


pattern caused by the torque loading, is shown in Fig. 4 
i normal force, w hile the one on the right was subjec ted to a com- 


bined normal and torque loading. Each slice was s in. thick, 
ind they 
It soon became apparent, however, that within a de} th of s in 


ol the con- 


were obtained in some of the early tests in this series 


from the surface, that is, nearly one third of the radius 
tact area, there is such rapid change in the state of stress that 
quantitative 

\fter se 
it was found necessary to reduce the thickness of this top slice to 


0.012 in 


slices of such thickness are unsuitable for photo- 


elastic measurements at normal incidence veral trials 
\t this thickness the photoelastic pattern became, of 
course, hardly visible, and the results had to be derived irom 
point-by -point retardation measurements This was done with « 
a Soleil plate, which combination was 


The 


'/-deg rotaiion of the 


Leitz compensator and 
found to have a limited range but a remarkable sensitivity 
minimum reading, corresponding to a 
Soleil plate, was about 2 my of relative retardation, the total 


range being +120 my in white light. This minimum reading is 
equivalent to about one third of 1 per cent of one isochromatic 
line. During the measurement the slice was mounted on a micro- 
scope slide and was advanced by | mm along the radius between 
two successive readings. Since the radius of contact area a 
0.368 in 9.09 mm, nine points were obtained within its rang: 

The results of these measurements are shown in Fig. 5, to- 
gether with the corresponding values of 7,¢ at z 0 as calculated 
from Equation [5e]. Since the integral in this formula turned 
out to be by far the most difficult to evaluate, and since it is of 
importance i another applied mechanics problem, its numerical 
detail in Table 1 It is seen that 


the value of this integral approaches 1/7 as r — 0, according to 


values are given in while 


Values of the definite integral in Equation (5+! for 
= 0 


Table 1 
T-@ at 2 


J, 


32226 0.21891 
33087 0. 14966 
34245 ; 0.10981 
35618 0. O8391 
37158 0.06596 
38830 j 0.05299 
10610 0.04331 
42481 0.03591 
44428 { 0.03014 
16440 : 0.02557 
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Fig. 5 Comparison between analytical and experimental values of 
= r-6 at surface 


Tmax 





Fig. 6 Position of slices used in determination of -,,,, in horizontal 
planes at depths z/a = 0, 0.1, 0.2, and 0.3 
Equation [5e] it has to vanish at r = 0. Therefore it represents 
the same type of singularity that has been found earlier in con- 
nection with the expression for 7.4 at z = 0. Having noted the 
rapid change of stress within a depth equivalent to one third of 
the contact radius, it was decided to make similar comparisons 
as that in Fig. 5 for z = 0, at small intervals corresponding to 
z/a = 0.1, 0.2, and 0.3. In order to obtain the respective slices 
from a single test, they had to be taken out of the same Fosterite 
The middle 


cylinder in a staggered way as shown in Fig. 6. 
planes of these slices were at 0.037, 0.074, and 0.111 in. from the 
surface, and their respective thicknesses were 0.021, 0.021, and 


0.0195 in. The relative retardation measurements on these 
slices gave, of course, the Tmax-values in the corresponding hori- 
zontal planes. However, below the surface these are no longer 
the same as the 7,¢-values, because now there will be a difference 


between the normal stresses, even for v = ! For sake of com- 
parison, the o, and o¢-values were calculated for these points from 
iquations [4a] and [45], the corresponding distribution of T,¢ 
from Equation [4e], and from these the maximum shearing-stress 


values were derived as 
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Fig. 7 Comparison between analytical and experimental values of 
tmax in horizontal planes at depths z/a = 0.1, 0.2, and 0.3 


Fig. 8 Position of subslices used in determination of -.9 at surface 


oles) +] 


The stress components used in this calculation are tabulated in 
Table 2 and the results shown in Fig. 7. It is seen that the cor- 
rection due to normal stress differences is noticeable only around 
the edge of the contact area 

The most interesting feature of these photoelastic tests was, 
undoubtedly, that they provided a means for the determination 
of the actual surface-shear load distribution occurring within the 
contact area. This was achieved by making retardation meas- 
urements on minute circumferential slices, taken out of the model 


Table 2 Stress components in horizontal planes at depths z/a = 0.1, 0.2, and 0.3 


z/a = 0.1 
o0/ Di Tr8/ Po 
0.7843 0 
7794 0.0502 
7643 0.1142 
7395 0.1604 
6550 0.2206 
4102 0.2710 
1345 0.2346 
0236 0.1235 
0047 0.0573 


o,/ Po 
0.7843 
0.7841 0 
0.7630 0 
0.7400 0 
0.6567 0 
0.4365 0 
0.2672 0 
0.1164 0 
0.0433 0 





Tmax / P 
0 

0.0502 
0.1142 
0.1604 
0.2206 
0.2714 
0.2438 
0.1320 
0.0602 


o 
0 
0 
0 
0 
0 
0 
0 
0 
0 


p 
6072 
6035 
5906 
5701 
5038 
3569 
2814 
1706 
O709 


z/a 
0 / Py 
0.6072 
0.6028 
0.5893 
0.5665 
0.4913 
0.2923 
0.1245 
0.0375 
0.0087 


0.2 
TA Dp 
0 


0.0526 


0.1454 
0.1924 
0. 1683 
0.1083 
0.6542 


Tmax/P 


0 
0.0526 


0.1454 
0.1952 
0. 1856 
0.1295 
0.0649 


r/P 
1656 
46923 
4531 
4375 
3905 
3065 
2676 
2010 
0.1060 


z2/a 
o6/pP 
0. 4656 
0.4617 
0.4501 
0. 4306 
0.3675 
0.2163 
0.1070 
0.0423 
0.0117 


= 0.3 
Tré@ p 
0 


0.0284 


0.1003 
0.1371 
0. 1242 
0.0894 
0.0494 


Tmax/ P 


0 
0.0284 


0.1011 

0.1440 
0.1480 
0.1196 
0.0682 
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Fig. 9 Distribution of +.9 at surface 


it various radial distances. In order to provide a sufficient num- 
ber of points within the contact area for the distribution curve, 
these subslices were taken out in a staggere d arrangement from a 
radial slice, 


central 5 subslices from each half of the cylinder, 


is shown in Fig. 8. During measurement they were viewed at 
normal incidence, that is radially, and the retardation readings 
were taken along the z-axis, starting from the bottom and ending 
it the surface At any point along these lines the measured 
birefringence was proportional to the Tmax-value in the plane of 
the subslice. Below the surface the rmax-values were the result- 
ints of the 7,¢-stresses and the corresponding differences in the 
At z 


hydrostatic compression due to the normal stresses causing no 


sg and o, stress components 0, however, the state of 


stress birefringence, the relative retardation is a direct measure 


I Ta Tmax 


$y plotting curves of these readings and taking 


their intersection with the boundary, the 7,¢-values ec 
very well defined at the top end of each of the ten subslice 
results are plotted in Fig. 9 and show that the experiment 
the Hertzian ellipse, with the fri 

To the 


vhen the 


vccurately describe 


ficient as a proportionality factor best of the 
load distri! 


contact are 


knowledge, this was the first instances 


wtually could be measured within the 


dimensional elastic solid 
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Stress-Strain Relations for a Simple 
Model of a Granular Medium 


By H. DERESIEWICZ,? NEW YORK, N. Y. 


A granular assemblage is represented by a model consisting of 
like spheres in contact arranged in a simple cubic lattice. Based 
on consideration of local contact forces and concomitant defor- 
mations, incremental stress-strain relations are derived and sub- 
sequently integrated, for certain types of loading, to yield total 
stress-strain relations. The integration is carried out for both a 
loading and an unloading process. A criterion of failure for the 
model is set up and the theory applied to a regimen of loading 
which gives rise to a plane state of stress. 


Introduction 


IN A RECENT paper Mindlin (1)* summarized some of the diffi- 
culties encountered and some of the results obtained in the course 
of development of a mathematical theory of small deformations 
of granular media. The medium is assumed to be composed of 
discrete, isotropic, elastic granules in direct contact under local 
forces which, in general, vary in magnitude and in direction. 
The consideration of the effects of this variation serves to dis- 
tinguish the present theory from several others (2) in which 
only normal components of the contact forces were taken into 
account. The great complexity of the problem arises from the 
fact that the relations connecting the individual contact forces 
and deformations are nonlinear and, in addition, depend on the 
history of loading. To simplify matters, the investigation, for 
the present, has been confined to an idealized medium consisting 
of regular arrays of like spheres. 

The face-centered cubic arrangement, one of the packings of 
greatest density, has served as the starting point of the study. 
Duffy and Mindlin (3) derived the incremental stress-strain re- 
lations for this structure on the supposition that an initial state of 
isotropic stress existed before the incremental loading was im- 
posed. These differential relations, in which the elastic co- 
efficients are combinations of the various local normal and 
tangential stiffnesses, suffice to describe the small vibrations of 
such a medium when it is under relatively high initial stress. 
However, in order to investigate phenomena arising at levels of 
stress of the order of magnitude of the initial stress, it is necessary 
to employ total, or integrated, stress-strain relations. Unfor- 
tunately, to obtain such a set of relations for the face-centered 
cubic array, a statically indeterminate structure, one is faced with 
the formidable problem of solving a set of simultaneous, non- 
linear, integrodifferential equations. 


1 This investigation was supported by the Office of Naval Research 
under Contract Nonr-266(09) with Columbia University. 

2 Associate Professor of Mechanical Engineering, Columbia Uni- 
versity. Assoc. Mem. ASME. 

3 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Contributed by the Applied Mechanics Division and presented at 
the Annual Meeting, New York, N. Y., December 1-6, 1957, of Tue 
AMERICAN Society OF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until October 10, 1958, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be un- 
derstood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, May 16, 1957. Paper No. 57—A-90. 
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The present paper is concerned with a derivation of incremental! 
stress-strain relations, and their subsequent integration, for 
another kind of lattice of like spheres; 
array. When under initial isotropic pressure this assemblage is 
statically determinate, so that the loading history does not enter 
into the calculation of the contact forces (although it does affect 
Consequently, 


namely, the simple cubic 


the value of the local tangential compliances). 
for “‘homothetic” loading,‘ the system of simultaneous integro- 
differential equations, which arises in the process of integrating 
the incremental stress-strain relations, reduces to a set of tractable 
quadratures. In this manner, total stress-strain relations are ob- 
tained both for homothetic loading to an arbitrary stress level and 
for subsequent homothetic unloading from that level. In ad- 
dition, a criterion of failure for the structure is propounded, based 
on conditions for gross sliding of two contiguous spheres. Finally, 
the theory is illustrated for a simple load variation which gives 
rise to a two-dimensional state of stress. 

We may note that the usefulness of the study of the mechanical 
behavior of face-centered cubic and simple cubic arrays of like 
spherical particles is due not only to the fact that each structure 
represents an approximation, though a rather rough one, to a 
granular medium, but that experimental verification of the theory 
would offer additional evidence in favor of the solutions of the 
equations of elasticity for the problem of contact of a pair of 
spheres compressed by oblique forces (4). Moreover, as sug- 
gested by Smith, Foote, and Busang (5), the internal configura- 
tion of a granular mass may be approximated by a mixture of 
zones composed of face-centered cubic and simple cubic arrays in 
a proportion yielding the observed porosity of the material; in 
such a model the average number of contacts per sphere is found 
to correspond fairly closely to observed values 


Incremental Stress-Strain Relations 

Consider an array of like spheres in contact whose centers form 
a simple cubic lattice, as illustrated in Fig. 1. Since each sphere 
is thereby placed in contact with six other spheres, this arrange- 
ment gives rise to a total of eighteen rectangular components of 
contact forces per sphere, of which six are normal and twelve are 
tangential components. But, with the assumption of a homo- 
geneous state of stress, the forces on diametrically opposed con- 
tact surfaces are equal and oppositely directed, leaving only nine 
independent force components (three normal, six tangential 

It is simple to relate the nine unknown contact forces to the 
applied incremental forces acting on a unit volume of the medium 
Consideration of the equilibrium of a sphere and any portion 
thereof shows that the components of the incremental contact 
forces, dN;;, are equal to the corresponding components of the 
incremental applied forces, dP;;; i.e.,dN;; = dP;,,1,7 = 1,2,3 
For i = j, dN;; denotes a normal component and, for i # j, dN,, 
denotes a tangential component. 

We define the incremental stress components, do;;, as the ratios 
of the corresponding incremental forces to the area of a face of 
the cube. Thus 





4 At any two load levels the stress quadrics are similar and similarly 
oriented; this type of loading is sometimes referred to as “‘radial”’ 
since, in stress space, the loading path is represented by a straight 
line through the origin. 
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Fig. 1 Elementary cube of a simple cubic array of like spheres sub- 
jected to incremental forces 


vhere ? is the radius of a sphere The relative incremental dis- 


placements f the spheres are obtained by multiplying the con- 
tact forces by the corresponding compliances. From these dis- 
placements the deformation of the unit block resulting from 
the application of an incremental stress can be found Owing to 
the nonlinearity of the tangential force-displacement relations, 
particul ir care must be exercised in computing the displacements 
parallel to the co-ordinate axes. Thus components along the 
co-ordinate axes must be found of the displacements due to, and 
in the direction of, the resultant tangential force on each contact 
rather than considering the displacements resulting from the 
components along the co-ordinate axes of the resultant tangential 
force. On proceeding in this manner, the relations connecting 
components of incremental strain and stress are found to be 

de,, = 2RC do; 


le i 


where Tf or example, denotes the resultant shear stress on a 


plane whose normal is paralle | to the x,-direction 
T ik ;? Cy," 


The C; and S, represent, respectively, the normal and tangential 
( omplian e3 ola pair ol sphe res in contact The subscript in each 


of these symbols indicates the normal component of the contact 


foree. In addition, in the S;, the subscript serves to identify 
e.g., the tangential 
It should be 


identi- 


the resultant tangential force on the contact 
force which corresponds to S; is (NV,,2 + V,,? 
noted that the conditions of geometric compatibility are 
cally satisfied 

For two spheres, each of radius R, shear modulus M and Pois- 
son's ratio v, compressed by a normal force .V, the contact radius 
a, and the normal approach a, are given by the Hertz theory (6 

) 3(1 — vy) RN |” 


7) 


From I quations 2) and >) the normal compliance of the 
is found to be 


da ‘dN 2ua 


this expression being valid no matter what the loading histor 
the spheres 

The situation with the tangential compliances is considerably 
past history of normal 


diffe rent These are dey ndent on the 


ind tangential forees, on the relative rate and sense of their varia- 
tion, and on the sense of the current loading as compared to the 
Conseque ntl 


of the loading immediately preceding (4 


it is necessary to specify in advance the type of loading occurring 


sense 


in each particular case. We shall discuss the following loading 


program: The entire medium is subjected to an initial isotropic 
pressure, 4/209, giving rise to normal contact forces of magnitude 
\ Additional loading is applied in such a manner that, on each 
contact surface, the normal « omponent of the force increases and 
the relative rate of (resultant) tangential with respect to the nor- 
mal loading is constant and greater than the coefficient of friction 


Thus the additional force acts at constant 


on each contact 
obliquity to the contact normal: its line of action is assumed to 
remain in the same plane. The tangential compliance per con- 
tact for such a loading history is 

9) 

2 v 8, 

tua; 


Loading to Finite Stress Levels 


In view of the 
section, we must restrict the applied stresses so that they form 
postulate that the stresses 


loading conditions specified in the preceding 
homothetic quadrics. That is, we 
bey the relations 


do;;/doy, A;, (constant), 7,7 = 1, 2,3 


Under these circumstances, the compliances, Equations [4] 


5], may be writter 


iI ) , 
Ayo 


denotes the contact 


vhere, e.g... rx = ‘i and a 
radius due to the initial pressure. 
As a result of Equations [6], the second set of Equations [1 
reads 
dé;; = R S, Ss, do;;. 3) 
To obtain finite stress-strain relations, we substitute Equation 
7] in the first set of Equations [1] and expressions of the type 
given by Equation [8] in [9]; integrating between the desired 
levels (from zero at the initial state to the final values), we find 


Sas’ ; 
(1+) 
a 
3f(2 — »v Roo) 9%; , , at 


| Ti | (cont 


3(1 — v) Ro 


2udo 


Sudo 


’ Equation [82] of (4). 
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se 
- x 
Ti 
* Tit aw & 
f(oo + 4;;) ij 


Unloading Between Finite Stress Levels 


[10] 


Suppose we have attained, by means of the loading process pre- 
scribed previously, a given level of (additional) stress, denoted by 
o;;*._ We now consider the problem of finding the stress-strain 
relations which are valid for a similarly conducted process of un- 
loading; that is, the stresses o;,*, which were reached homo- 
thetically, are now to be reduced to a lower level of homothetic 
stress denoted by o,;. The difference between the computations 
of the present and the preceding sections lies in the values of the 
compliances S; and S; in Equation [9]. In the present case, S; is 
given by® 


g2- 
S,; = <> Se + 0,) xX 


‘4a, | 
L,* —- L a 
1-—(1 — 86, ; - 11) 
| O01 + 5, | { 
in which 
L;* = (N,;*2 + N,,*?)'2/ fNo 
Again the integration is performed without difficulty and re- 
sults in 
2udo ( 0:; ) : ( 0. ‘y : 
é,;*) = {1+ —{1+ 
3(1 — v)Roao Oo o 
Suag a 
€é;, — €;;*) = 
3f(2 — v)Ro 


+ terms obtained by interchanging i and j, with i # 7 
sj vey * 
Since ¢,;* and €;; 
replaced by o,;*, the expressions for the strains during unloading 


* are given by Equations [10], in which o,, is 


may be written 


Co 2 
ad 
€; = (: + ) — 1 
o% 
Sudo u'(1 sa) . ” 
-€@ = - + x< 
3f(2 — v)Ro» " T ik Oo 


(: 7,” ) ie Ci ) 7 13} 
a f(a + o;;*) T ik a 

rat ta 7" 
4-1+2]}/1-—-{1- 

. 2f(oo + O;) { 


+ terms obtained by interchanging 7 and j 


2d 


3(1 — v)Ro» 


fo, 


T sk 


We note that the expression for €;; during unloading (the first 
of Equations [12]) is identical with the corresponding expression 
valid during loading (the first of Equations [10]). This 
to the fact that no dissipation takes place in the course of pure 
Consequently, as the loading is re- 
= 0, the normal strains, € 


1s due 


dilatational deformation. 
duced to its initial level, i.e., ;; 


tir 


* Equation [85] of (4). 
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vanish. On the other hand, the shear strains, €;;, are not re- 
moved completely when o,; = 0, owing to the frictional dissipa- 
tion mechanism inherent in the tangential displacements. Their 
value in this case is given by 


Sua g;;* fo;;* —ta*\ 
; = €é,,% = } 2(1 + : : ) 
3f(2 —v)Ray ~ Ts 2fao 


> 
+ terms obtained by interchanging 7 and 7 

Criterion of Failure 

We will consider our simple cubic structure to have failed whe , 
sliding occurs between any pair of contiguous spheres. The con- 
ditions for such an event to take place may be obtained from th 
expression for €,;; (the second of Equations [10]). We note that 
in it, each of the quantities raised to the power 2/3 must be non- 
negative. This requisite goes back to consideration of the tan- 
gential load-displacement relation for a pair of spheres, and 
simply states that the inner radius of the slip annulus? is not 
negative. If we, further, take account of the homothetic loading 
program, we find that sliding will occur if the inequality 

T jx > foo/(l — fri/Aj 14 

is satisfied 
Example 

Consider the problem of computing the stress-strain relation- 
appropriate to a simple cubic lattice, under initial isotropic pres- 
sure, when it is compressed in the direction of one of its face 
diagonals.* 

The incremental stress-strain law, with both sets of components 
measured with respect to the principal axes of the cube, contains 
six nonzero elastic moduli (see Equations [1] and [9]), s;,,2 = 1,2 

6. We now introduce a system of rectangular co-ordinats 
axes, r)’, Fo’, 73’, which is obtained from the original system 
x;, Fig. 1, by a rotation through an angle @ 15° about the 
axis Referred to the primed axes, the (nonzero) elastic modu 
are 
= on 4 { 
eK ae Ta. sh P { 
te’ = Ce 8,)/2 = 
Sa, = 8 15 
Sag = (8Syp + 8 2=s8 
on’ = (en — on)/2 
, 
Sos = Su + 8 


and the relation between the original (unprimed) and rotated 
(primed ) stress components for this case is 

0; = (o,'’ + 0 — 2a;2')/2 

Ooo = (O1' + O22’ + Ze 2 

O23, = Ox 

16 
O23" = (013' + G23')/Y2 
o = (01;' — 23;’)/V/2 
, \ /9 | 
O12 = (On — O22')/2 


7 Equation [5] of (4). 
8 It will appear ip the sequel that this loading is homothetic 
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Now, apply an incremental compressive force in the direction of — 2fao/(1 — f) vields the following relations for the nonzero stra 
me of the face diagonals, ie., parallel to one of the rotated co- components 
dinate axes (say z,’), and denote the corresponding incremental 
stress component by do,,’. Then, from Equations [16], the in- 
remental stresses, referred to the principal axes of the cube, are 4a, 
= dd\: = " 3f(2 — v)Ro; 

+ 


17) Sua 


We see that the loading is homothetic, the A,; of Equations (6 + (: + 
having the values 


Au = Aw : ; Ais = Az = {18 
Furthermore, since do,’ is the only nonzero component of stress Equations [20] and [22] may be rewritten to furnish the more 
in the rotated system, the incremental stress-strain relations in COnVenlent forms 


the primed system become Sue /3Roo\K En’, €:2' 


‘day, 13” 11 
8:2'doy,’ 2 i] 11 


8 5 do,’ dés3" 
valid for the loading process, and 


Inserting Equations [15] in [19], taking account of [1], [7], [8], F ' (201 
: eee : 7 (Sua /Skho . 12i 
9], [17], and [18], and integrating, we find the finite stress-strain a . : 


elations for the loading process in the primed system - X1 


(1 v)Ro (1 ‘as 2f(: iho, 


tua - 
Oi ) 40% 24 


valid for the unloading process. The relations between o);' and 
€::', given in Equations [23] and [24], are plotted in Fig. 3 for / 
*/9 


0.25 and for various values of the loading amplitude, ¢ 2¢ 


The int eption of a hysteresis loop may be noted, and is due to th 
frictional energ\ dissipated in the course of the tangenti il dis- 
placements 

Finally, a surface of failure may be constructed for the proble m 


] “ . 
From [14] and [18), we see that failure will occur when discussed, but generalized by permitting an arbitrary angle of 1 


2Q¢ . Mo 2] tation @ about the z3- axis. In this case 


‘1 ' , oO “ 
The relation between o),' and €,’, expressed in Equations [20 
ind depicted in Fig. 2 for several values of the coefficient of fric- 0,’ sin? 6 
tion, shows clearly the nonlinear nature of the stress-strain law 
> sin 8 cos 6 
It is of interest that each of the curves in Fig. 2 terminates with a 
horizontal slope, at which point failure occurs in the lattice so that 
\ similar computation for the unloading process from ¢ 
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Fig. 2 Stress-strain relation for a simple cubic array of like spheres Fig. 3 Stress-strain relation for a simple cubic array of like spheres 

compressed in the [110] direction: loading portion of cycle compressed in the [110] direction: loading-unloading cycle 
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Fig. 4 Compressive stress causing failure in a simple cubic array of 
like spheres as a function of angle between direction of loading (in the 
x, t-plane) and the [100] direction 


Hence, for failure to occur 
Oi). : 2f sin 26 
1 —f tan 0 
27 
oi," 2f/sin 26 ‘ 
2 — m/4 20 x/2 
Oo 1 — f cot 6 be — 
These equations are plotted in Fig. 4 for f = 0.25. The angle 
at which the resistance to failure (sliding) is lowest, depends on the 
value of the coefficient of friction and is given by the roots of 


tan 20 = +1/f.............05. _ [28] 
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The corresponding smallest stress causing failure is 
(on’ ‘Oo)min = 2f if + (1 + f?) 29] 
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On Plane Stress Solution of an Elastic, 
Perfectly Plastic Wedge 


By P. M. NAGHDI,? ANN ARBOR, MICH 


With the use of Tresca’s yield function and its associated flow 
laws, the complete solution is obtained for an isotropic elastic, 
perfectly plastic wedge (with an included angle 6 < 7/2) sub- 
jected to a uniform traction in the state of plane stress. Unlike 
its corresponding plane strain solution, the state of stress in a 
portion of the plastic domain of the wedge is at a corner of 
Tresca’s yield hexagon where, in general, the normal to the yield 
surface is not defined uniquely. 


Introduction 


Tue elastic-plastic solution of the acute isotropic wedge (with 


an included angle 0 < 8 < 2/2) subjected to a uniform traction 
in the state of plane strain, has been given recently for an in- 
material employing Prandtl-Reuss 
a compressible material with the use of 


compressible stress-strain 


law in (1),? and for 
Tresca’s 5 ield condition and its associated flow rules in (2). The 


present paper, again employing Tresca’s piecewise linear loading 


function, is concerned with the corresponding plane stress solu- 
tion of the problem treated previously (1, 2). The complete 
solution is obtained for an isotropic, compressible elastic, pet- 
fectly plastic wedge (with an included angle 8 


uniform 


w/2)* in the 


state of plane stress® subjected to a lateral pressure 


assumed to be monotonically increasing with time) on one 
boundary, as shown in Fig. 1. 

As noted in (2), for an incompressible elastic perfectly plastic 
wedge in the state of plane strain, Mises’ and Tresca’s (with nor- 
mal component of stress ¢, as the intermediate principal stress 
vield conditions are identical and may be written as 


1] 


where }O-, 08, or6} are the plane components of stress referred to 
‘ylindrical polar co-ordinates (r, #,z) and k is the yield limit in 
The results presented in this paper were obtained in the course 
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NR-064-408, with the University of 
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initial yield and the locus of the boundary which de 
pend on the loading as well as on the included wedge angle 3 
stress solution considered here 
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simple shear. Furthermore, for problems of plane plastic flow of a 
compressible material, Tresca’s yield condition is again given by 
Equation [1] as long as o, is the intermediate principal stress. 
While this intermediary condition on @, is fulfilled for a wedge in 
the state of plane strain, it is not necessarily fulfilled for a wedge 
in the state of plane stress. Indeed, as will be shown presently, 
for the wedge In question, a portion of the plastic domain is ini- 
tially at 
principal stresses vanish simultaneously. In 


a corner of Tresca’s yield hexagon where two of the 
this 


connection, 


it should be mentioned that singular loading functions in general, 
ind Tresca’s yield function in particular, as well as their 


ASS80- 


ciated flow laws have been discussed by Koiter (3), Prager (4 


and Hodge 5 . where other refer ‘nces mav be found 

Before closing this section, we recall that in the state of plane 
stress (o,, = 09, = 0, = 0), the stress-strain relations in the plas- 
tic range involving a plastic potential have the form® 
i, of 


j t 
€,, €0, C., €r0i s 


La oe - yt 
” 
2 


where 


'€,, €, €, €@{ are the components of strain; } e,, e, €,, €e| are the 


components of strain deviation; dot denotes differentiation with 
respect to time; A is a scalar function which depends on both 
co-ordinates and time; prime and double primes refer, respec- 
tively, to the elastic and plastic components of strain; E and v 


6 As pointed out in (1) and (2), it is not necessary to define the 
* on the right-hand side of [2a] with respect to convected 
co-ordinates. Since the components of strain and displacements ar: 
assumed infinitesimal, at a fixed of observation, the partial 
lerivative of the stress with respect to time may be employed instead 


stress rate’ 


point 





Fig. 1 Narrow wedge under a uniform lateral pressure 
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are Young’s modulus and Poisson’s ratio, respectively 


E 
G = 
21+ yp 
and 
: BE 
K = 
3(1 — 2py 


Fully elastic solution and initial yield 

We record here for future reference the plane stress solution 
of the fully elastic isotropic wedge subjected to uniform trac- 
tions in the form 


Gu, = r[N(b + dO) + P(O 


Gue = r{Ld log r + Q(0 


where u, and ug are the radial and tangential displacements, 


respectively 


P(6) = —(a cos 20 + c sin 26) 
th 
(J 8) = (asin 20 — c cos 20 
the constants V and L are 
l-vyp 2 
N = , Lez - 4c 
l+yp l+p 


the coefficients a, b, c, and d are the same as those employed in 
(1), and the nonvanishing stresses which, with the aid of Hooke’s 
law may be deduced from Equation [4], are identical with the 
corresponding components of an incompressible material’ and 
are given by 

o, = 2[(b + db) + P(@)] 


0a = 2/(b + dé) — P(8)) 5 


06 = —d + 2Q(0 


Denoting the plane components of the principal stresses by 
a, and a2, then 


‘ , a, + 06 o, — oe\?* oa re 
(91, O23 = 2 + 9 + or 10] 


and substitution of Equation [6] with the aid of Equations [5] 
into Tresea’s yield function 


f = max [|o1 — @2|, |o2 — 03|, |O3 — o1|] — 2h [7] 
reveals that, since o; = o, = 0, the right-hand side of Equation 
7] vanishes when |o, — o2| = 2k which is equivalent to Equa- 
tion [1]. Hence as in the case of the corresponding plane strain 
solution of the wedge (1, 2), yielding will begin simultaneously 
at the outside boundaries @ = 0 and 6 = 8 when the lateral 
pressure has reached the value p* = 2k (tan B — 8) (tan B)~". 
For a pressure p* < p < p** (p** being the value of the lateral 


pressure in the fully plastic state), a portion of the wedge be- 
comes plastic and, as in (1), subject to a subsequent verification, 
it will be assumed that the elastic-plastic boundaries are the 
planes’ 6 = , and 8 = @», as indicated in Fig. 1. Here we 

? This is readily seen from the fact that in the absence of body 
forces the determination of the plane components of stress in the 
state of plane strain and plane stress (with z-variation neglected 
are characterized by a biharmoni« which is inde- 
pendent of Poisson’s ratio. 

* In fact, as has been pointed out by Drucker (6), 
lack of dependence of the plane components of stress on the 
co-ordinate and with the aid of any symmetric loading function, this 
feature of the solution together with ¢: + ¢: = 8 can be established 
without finding the solution itself 


stress function 


in view of the 
radial 
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0, showing sche- 
matically the principal stress paths at the initiation of yield and 
throughout the elastic-plastic wedge 


Fig. 2 Tresca’s yield surface in the plane o, = 


also observe that for the fully elastic wedge, the stress paths ars 
radial and, as indicated schematically in Fig. 2, terminate on the 
dashed curve’ AGE. 
yield are given by 


The principal stresses at the initiation of 


on @ 0 [Sa 


and 


on 4 oO s/ 


the former on segment AB of the vield hexagon, and the latte 
at regime . 1.6., & point ot an edge ol Tresea’s vield he xXagol 
where a fan of possible normals to the vield surface exists, onl 


one of which lies in the plane” a, = 0 


Elastic-plastic solution 

Since in the plastic domain the state of stress is statically cde 
terminate and assumed independent of r, it follows from the nor 
vanishing stress differential equations of equilibrium, Tresca’s 
yield condition, and the boundary conditions, that the stresses 
in the plastic region 0 < @ < ¢, are given by 


GC. = -p + ky 1 + cos 20 
6a = ~p + k(1 cos 20 . oe < e < Q Ya 
06 = —k sin 20 


or by Equation [6] and with reference to Fig. 2 

* In Fig. 2, the nonradial extensions of the stress paths of the full 
elastic wedge between the dashed curve AGE and segment AB refe 
to those appropriate for the elastic-plastic wedge 

This also follows from the condition at a multiple intersection 
given by Hodge (5, Equation [3.15]), which for regime A of Fig. 2 


vields 4” = A, @ + 3” = 


SEPTEMBI 


9b | 


corre- 


“au given p* < > > aa 
the ratio of 


\s seen from | 
spor ling to an elastic-plastic boundary @ QD 
« lal < o 


is shown in Fig. 2, 


quations (U6), for 


o+/0;) in the region 0 is always negative and henes 


the state of stress remains on f,4, and moves 
toward F 

In the lower plastic region @ < @ < 
Kquations [8b 


3, the state of stress which 
on Initial vielding is given by with reference to 


18, moves along AD, or remains at 


Fig. 2, either moves along 


regime A. lf the state of stress lies on far, then by means of the 
evlindrical 
as the 


that 


differential equations of equilibrium in 


stress 


polar co-ordin ites, Trese i's vield condition 1}, as well 


appropriate boundary conditions, be readily shown 


the nonvanishing stresses are 


1D, we utilize the 


To establish the possible state of stress on 


Lamé-Maxwell equations of equilibrium in the form given in (7) 


0d Vo 
ll 


Os p Js 
and s- are the stress trajectories through a generic point 
ind p: are the corresponding radii of curvature at ? 
2k < a2 < O, then bv the first of 
p> = @, 
seen that the solution 


where s 

P, and p 
Since on fap, ¢ 2k and 
Equations [11], either (a) a 2k or (b In ease (a 
with the aid of Equation |, 
a o implies the vanishing of all of the components of stress 
In case (b , the 


view of the 


it is easily 


which do not hold on lap and hence (a) is false 


stress trajectories s. must be straight lines and in 


orthogonality of s; and s, as well as the fact that 6 Bisa known 
trajectory, it follows that the family of the stress trajectories 
s, and s; have the pattern indicated in Fig. 3 which, by Equations 
; Thus in 


regime A 


11], corresponds to the solution a; 2k, oc = 0 
the lowe! plastic region, the state of stress initially at 


will remain there and is given by kequ itions [10 





Fig. 3 
region 


Narrow wedge showing stress trajectories in lower plastic 


stresses at the elastic -pl ist 


Asin (1), the continuity of 

aries yields @ + @ Biord dand @ re) Q is we 
as the functional relation between the lateral pressure p am the 
elastic-plastic boundary @, which, since it is identical with the 
corresponding expression for a wedge in the state of plane 
1, 2), will not be repeated here 
While in the upper plastic region (0 < @ < @)é, dand the 
il to f the direction of the p t 


istl¢ 


determined, 


is limited to the directions in- 


norm 


ig 18 Uniquel 
strain-rate vector at regime 1 
cluded between the normals to the adjacent surfaces; and unless 
the normal at A to the loading surface is determined uniquel 


the stress-strain relations [2a 


are not valid in the lower plastic 
region, 
As the 


thick 


thickness 4, expressed in terms of the initial 


ness Ay by 


does not remain constant during deformation, the Lamé-Maxwel 
equations of equilibrium assume the form 


he 
Os 


which in the lower plastic region (with the state of stress at regime 
reduce to 0h /Os O: 1s wh h 


intersect o rH) 


1 ind p p const 
ons Sut since the family s ,as wellass 


on which A is also constant, it follows that A, as well as € 


Is COn- 


stant throughout the lower plastic region 


Since the axial strain in the elastic and plastic domains is given 


respectively, the continuity requirements of A and by Equation 


12 €, as we ll as those of the stresses at the elastic-pl istic bound- 
aries demand the vanishing of the plastic axial strain at @ 


re roa) I 


irther, sinee 


9) 


ind € it follows that 


throughout the lowe pl istic region Reealling that for Tresca’s 


vield surface, I ig. 2, the vanishing of the plastic axial-strain rate 
occurs only on f4g and its image about the origin, then the state 
of stress (in [8 @| <6 < B)at 
[10 , 18 on fap the normal to which is uniquely determined 

The determination of the plane components of displacement 
2a . and 


regime A, given by Equations 


in the two plastic regions, with the aid of Equation 
the continuity requirements for u, and ug at the elastic-plastic 
may now be carried out in a manner similar to that 


In the upper 


boundaries, 
in (2), and only the final results will be given here 


plastic region 
B log |sec 20 


+ tan 26 


1D + cos 26/4 4 


sin 26/4 + B log |sec 26 
B log |sec 26 


2B log r + C} 


tan 26 t 
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Fig. 4 Ratio of radial displacement to r (or radial strain) for plane 


stress and plane strain 


where 
1—v\k-—p d 
D = ( 4 B= , 
l+yp 2G (1 +v)G 
k 
{= + H, 
2G 
H = —B log ‘sec 2¢ + tan 2 ; OSOS¢ 15 


: d , 2 aint 
sda) gdh We aaa 


and for the lower plastic region, the displacements are of the same 
form as Equations [14], except that the argument @ is replaced 
by (@ — 8) and the coefficient functions by 


1—v\ —k d 
D = — » Be 

l1+v/ 2G (l+wG 

k 
A=- + H, 

2G 

H = —B log \sec 2 ; (B-—@)<8<p [16] 

, d 2 = 
C= 2G 1 - .-e log sec 2 
Conclusion 


In spite of the fact that the state of stress in the lower plastic 
region of the wedge considered here is at a corner of Tresea’s yield 
surface, it is interesting to note that the nonvanishing stresses as 
given by Equations [5], [9a], and [10a] are identical with the 
corresponding plane components of stress of the wedge in the 
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Fig. 5 Tangential displacement at , 1 for plane stress and plane 


strain 
The displacements u, and ug given 


16], though of the same form 
(2), have different 


state of plane strain (1, 2). 
by Equations [4], [14], [15], and [| 
as the corresponding plane strain solution 
coefficient functions. 

Comparisons of the displacements u, and 
paper with those of the plane strain solution for the case 6 = 3/4 
are shown in Figs. 4 and 5, and numerical values of the non 
are identical with the correspon:- 


ug of the present 


vanishing stresses (since they 
ing plane components of stress for an incompressible elastic 
plastic wedge) for 8 = m/4 may be found in (1). 

Finally, it observed that while the elastic-plastic 
solution for the wedge (of a compressible material using Tresea’s 
yield function) in the state of plane strain (2) with y = 1/2 
reduces to that of a wedge obeying Prandtl-Reuss stress-strain 
law for an incompressible material, the corresponding reduction 


does not hold for the wedge in the state of plane stress 


may be 
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Brief Notes* 








On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/; double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published as soon as possible, 
normally in the next issue of the Journal. The notes 
should be submitted to the Technical Editors of the 
Journal of Applied Mechanics 


Effect of Tensile Plastic Deformation 
on Yield Condition’ 


By L. W. HU? ano J. F. BRATT 

\ YIELD condition specifies the stress state under which the in- 
cipience of plastic flow in metals is possible Knowledge of the 
effects of the stress history on the vield condition is of great im- 
portance In formulating the plastic stress-strain relations for 
metals with strain-hardening. Early experimental studies on 
this subject, such as the one by Cunningham, Thomsen, and Dorn 
1],4 were essentially restricted to tests of the constant stress 
ratio type and gave evidence to support the concept of the iso- 
tropic eXpansion of vield surface In other words, the vield sur- 
lace Was postulated to expand isotropically in all directions duc 
to plastic deformation. However, in 1950, Shaw and W veherley 
conducted an ¢ xperiment ol the variable stress ratio ty pe and dis- 
proved the concept ol isotropic expansion of vield surface {2}. 
Thereafter, many investigations have been conducted to study 
vield 1952, Marin and Hu gave 


qualitative evidence to support the postulation of the vield corner 


the behavior of surface. In 


by the slip-line theory of plasticity [8 Attempts were made by 
them in 1954 to determine the change in shape of the vield surface 
due to plastic deformation [4 In the same vear, the test results 
of Naghdi and his associates confirmed again qualitatively the 
Recently, Naghdi, Essenburg, 


existence of the vield corner [5, 6]. 
ind Koff reported their comprehensive torsion-tension reversed- 
torsion experiments on the effects of shear plastic deformation on 
the vield condition {7]. In the following note, a biaxial stress in- 
vestigation on the effects of tensile plastic deformation on the 
vield condition is reported. 

Tubular specimens of the dimensions given in relerence (3 
were made of an aluminum alloy 28-F The material was supplied 
by the Aluminum Company of America in a tubular form of 15/,- 


! This work was supported in part by a grant from E. I. du Pont de 

Nemours and Company, Int 
Associate Professor of Engineering Mechanics, The Pennsylvania 
State University, University Park, Pa. 

’ Formerly Instructor in Engineering Mechanics, The Pennsylvania 
State University, University Park, Pa. Now at Materialsproving- 
sanstalen, Norges Tekniske Hogskole, Trondheim, Norway 

* Numbers in brackets indicate References at end of paper. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will be 
accepted until October 10, 1958, for publication at a later date. Dis- 
cussion received after the closing date will be returned 

Note 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by Applied Mechanics Division 
February 10, 1958 
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Fig. 1 Original and subsequent yield conditions 


in. OD and 1-in. ID 
ing at a temperature of 650 F for not less than 30 min in an at- 


The specimens were annealed after machin- 


(;rain size was measured after annealing 
range of 0.08 to 0.09 mm for all 
The Brinell hardness number after annealing was 


mosphere of helium 
ind was found to be in the 
specimens 
found to vary from 20 to 26 

\ biaxial stress state was produced in the specimen by apply ing 
the axial load and the internal pressure simultaneously in a pre- 
determined manner. The axial load was applied through a 60,- 
000-Ib Universal Testing Machine made by Baldwin-Lima-Hamil 
ton Corporation, and the internal pressure was generated by 
using a Dudgeon Hand Pump with a 2000-psi Duragauge. SR-4 
strain gages of type A5-1 were employed to measure the longi 
tudinal and circumferential strains 

In Fig 1 each point represents the test result of one specimen 
The original vield surface was determined by the stress state at 
which the stress-strain relation first deviated from its initial por 
tion. The subsequent yield surface was determined in a similar 
manner except that the specimens were prestressed axially by a 
tensile stress of 4690 psi 

For the material tested, the following conclusions were drawn 

(a) The original vield surface is fairly in agreement with the 
von Mises yield condition 

(b) The subsequent vield surface after prestressing in tension 
does not expand isotropically in all directions. 

c) A vield corner is formed in the direction of the prestressing 

d) After prestressing in the axial direction by tension, the ten- 
sile vield stress in the tangential direction is reduced considerably 
before 


from its valu prestressing 
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Formulas for the Frequencies Includ- 
ing Higher Frequencies of Uniform 
Cantilever and Free-Free Beams 
With Additional Masses at the Ends 
By JUAN HAENER,’ WICHITA, KAN. 


The approximated formulas, the derivation of which is outlined 
here, make it possible to determine immediately the n‘" frequency 
of uniform cantilever and free-free beams with additional masses 
at the ends. 


Nomenclature 
El = stiffness in bending 
7, = moment of inertia of the mass VV, 
/ = length of the beam 
V4, = total mass of the beam 
M. = additional mass 


n = number of waves in 2/l for the free-free beam 
= number of waves in 4/ for the cantilever beam 
4) : 
| Myw,? 
gee 
lEI 
th . q 
w, = nn frequency, in radians per sec 


The characteristic equation for the constant cross section 


(A) 


cantilever beam with an additional mass at its free end is 


1 M, 
+ cosal = —al (tanh al. cos al sin al 
VU 


cosh al Wy 


i. tant — (tanh al. cos al + sin al 
V4~ 
Mal, ( l ) 
+ (al) cos al l 
M,2l? \cosh al 


If the moment of inertia of the mass at the free end can be 


} 


neglected, a simpler equation than (1) ean be solved for (a 


The (al),, thus derived allows us to express the frequencies by the 


following formula 


El R,s 
wo, = + 2 
BM, M, F 
VV, BM. tr kK 
in which 
n R,, T . Kk, M, 
l 1.875 0 | 1 Ol 
2 + 694 3.940 1 9839 21 608 
1 3 I 
n>2 rin - WT n— tnin + 0.6 
2 | ' (*" _ >) 
tn 2 
(3) 


The accuracy of (2) increases with increasing values of n. For 
n = 3 the error is less than '/, per cent. 

(B) The characteristic equation for the constant cross-section 
free-free beam with additional masses M. at both ends is 


( M, y 
M, 
tesearch Specialist, Cessna Aircraft Company 
cialist, Research and Development Engineering, Solar Aircraft Com- 
pany, San Diego, Calif. 
Manuscript received by ASME Applied Mechanics Division, July 


17, 1957 


1 — cos al. cosh al 


2(al)? sin al. sinh al 


Now Staff Spe- 
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The solutions (a/), of (4) make it possible to derive the following 
formulas for the first, second, and n™ frequencies 


: j 5.45 EI] ( M; )’ 
@, = 3? 1 - > 0.08 
ae ( M, y ME M, 
ae } —_ 1 
M, 
(5) 
3 10.86 El 7} 
Ge. = r? 16 (6 
ax» { Ms \* MB 
aaa M, T 
y n* — (n — 0.5)! El 2 
w, = Fr? n* — n>2 7 
? M,\2 MP 
17.5n + | 
( M, ) 





The accuracy of these equations increases with increasing values 
ot n. 
VW./.M, > 0.02 and is good to three decimals for 0.1553 < 
l 
When /, cannot be neglected, the solution of (1) for the higher 
frequencies can be found by determining (al), from (2) and then 


plotting (1) in the range of smaller values as defined by (2). 


The value of w, in (5) is about 1 per cent too large for 
M./M, 
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On Particular Integrals for Toroidal 
Shells Subjected to Uniform 
Internal Pressure 


By G. D. GALLETLY,' EMERYVILLE, CALIF 


For toroidal shells which do not include the apex @ = U, two 
common approXimations are used to evaluate a particular Integr il 


These 


which are known to violate the compatibility relations and are 


of the relevant differential equations. approximations, 


chosen to satisfy only the equilibrium conditions, are: 


(a) The transverse shear Q. and the rotation V are both set 
equal to zero, and the stress resultants Vy and N¢ are given by 
their membrane values 
except that the rotation V the 


(b) Same as (a), is given by 


membrane rotation V,,. 

The purpose of the present note is to point out that these ap- 
proximations are not very good even when @ is as large as 30 de- 
grees.? To illustrate the point, a constant-thickness toroidal shell 
under uniform internal pressure will be investigated 


Numerical Example 


The pertinent 
18 in.; a = 30 


The toroidal shell considered is shown in Fig. | 


dimensions are: \ = a/b = 7: b/h = 30: b = 

1 Shell Development Company, Emeryville Research Center 

2? The case when @ & O has been investigated by R. A. Clark (‘On 
the Theory of Thin Elastic Toroidal Shells," Journal of Mathematics 
and Physics, vol. 29, 1950, page 146). Therein he considered ap- 
proximation (a) and a particular integral obtained by asymptotic in- 
tegration. 

Manuscript received by 
November 20, 1957 
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Fig. 1 Half section through toroidal shell 


pressure equa 


deg will be me iia ’ ! 
psig 

When this toroidal shell is 
hetween a evlinde: 


ised as 4 transition piece on a pres 


sure vessel Siiy and i spheric il edge 


moments and shears will be produced at the evlinder-torus and 


These edge loads produced 


shells deform b 


inetions 


tor is-sphe rical cap J 
ie three different amounts 

the interna] pressure 
ige be nding loads, the edge rotations and edgs 
V known for each shell in terms of the 
nents VW and shears Q 
ficients of M 
ficients We are not 


ire interested in the 


ind the internal pres 


ind @ are usually 
witl 


is edge 


known 


concerned these here 


influence « 


Rather, we rotations and displ wements 
of the tor to the shall evaluate these using 


pressure 
three 
theretore 


We obtain 


rotation | 


pte 25-9 
sin @ sn @ sin @ 


iii) The small-deflection nonhomogeneous differential 
tions for the bending of a torus were integrated numerically 
The step length used was degree 


these calculations are 


electronic c¢ mputer 


The results ot is follows (for v 0.3 


Edge displacements and rotations due to pressure 
Method \ethod Method 

1 n il 
10 0 607 6 
10 53 oo 1, 085 


Table 1 


10 - 1, 136 
10 7 24, 17,255 


Discussion of Results 


It can be seen from the above tabulation that the numerica 


integration results (me thod (iii for the horizontal displacement 


6 are only oO per cent ot those given bv the two approximate 
The edge rotation V obtained by numerical integration 


at @ = 4) 


whole of the 


methods 
is much less than the membrane rotation (method (ii 
Torts 


deg: it is also much more uniform over the 


than the membrane rotation 


BRIEF NOTES 113 


Since the numerical values of the edge displacements and rota 


tions due to pressure affect the edge moments and shears at 


pl wes where the t roidal shell joins the other types of shell in a 


structure, it can be seen that the three methods will give different 


results for the final elastic stress distribution in the torus Ar 


ex ample of this (where the torus is used as a portion of tori- 


spherical shell) is given in a recent paper by the author In that 


ease ipproximation (a) gave a Maximum meridional bending 


which 


direct stress (¢%@ was overestimated by 10 per 


stress (0, was 25 per cent too high, and the maximum 


eircumierential 
bh) overestimated the maximum o,°-stress 
How- 


the stress distributions for both approximations were sig 


cent 


Appi Nimation 


estimated the o@?-stress 


by a factor of two, but correctly 
ever 
sumerical integration results 


t} 


nificantly differer 


= ittention, by one ot the 
reviewers, that the membrane stress resultants do not give an ade 
CTOSs 


ations even when the 
issed by 


the deforn 
This point is dis 


tion « } li complete cirele 


Dean 


A Comparison of Methods for 
Analvzing Bending Effects in 
Toroidal Shells 


D. GALLETLY,' EMERYVILLE, CALII 


re estimate of the effects of 


bending loads acting on 


is, at the present time, a time-consuming problem 


designe! He is, in consequence, interested in the a 


vith which the faster approximate methods can furnisl 


CuUrac\ 
him with the information he requires 


The author recently had occasion to utilize two ipproximats 
bending analvsis of a toroidal shell of revolution 


nethod 


methods in tie 
is well as an exact The purpose ol this note is to present 


] 


the results of these analvses in so far s they pertain to the ealeu 


lation of the ¢« Ire displacements ind rotations 


Methods Used in the Problem 


The three methods used to analvze the toroidal shell were 


a) Numerical integration of the classical differential equations 
on an electroni digital computer; h the asymptotic integration 
method of Clark; and the Geeke ler-type solution recently 


deseribed by Horvay, Linkous, and Born 

Brief descriptions of these three methods follow 

The differential equation used in the numerical integration 
method was either of the complex conjugate equations given In 
Timoshenko This equation can he separated into two simul- 
taneous ordinary differential equations in the real variables z and 
) by substituting I (’ is proportional to the transverse 
The linearly indepe ndent solutions of these equa- 


shearing force 


G. D. Galletly Torispherical Shell A Caution to Designers 
ASME Paper No. 58—PET-3 
‘W. R. Dean, “The Distortion of a Curved Tube Due to Internal 
Pressure,”’ Philosophical Magazine, vol. 28, 1939, p. 452 
Shell Development Company, Emeryville Research Center 
R. A. Clark On the Theory of Thin Elastic Toroidal Shells,” 
of Mathematics and Physics, vol. 29, 1950, pp. 146-178 
3G. Horvay, C. Linkous, and J. 8. Born Analysis of Short Thin 
Axisymmet ric il Shells Under Axisvmmetric Edge Loading,’ JOURNAI 
or Apptiep Mecnantcs, vol. 23, Trans. ASME, vol. 78, 1956, p. 68 
‘S. Timoshenko Theory of Plates and Shells,”’ McGraw-Hill 
Book Company, Inc New York, N. ¥ 1940, see 7 
page 45S 
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Half section through toroidel shell used as an illustrative 


Fig. 1 
example 


tions were then obtained on a digital computer using a step length 
of '/. degree and the Runge-Kutta integration scheme 

Clark? shows that the modified Hankel functions of order one- 
third are very good approximations to the exact solutions if 
h/b < 1 and if [12(1 — v?)] 
tion). Both of these requirements are satisfied in the numerical 
example considered herein. The Hankel functions used in this 
method are tabulated® and Clark gives a table for evaluating an 
integral which appears in his method. This integral is 


* b?/ah is large (see Fig. 1 for nota- 


e sin o \lse 
wid, A) = - d (1 
° J (, + a af 
where 
b 
A\ = 
a 


By considering the bending of a tapered curved beam on an elas- 


Table 1 
Edge Loading Num 
Condition toa) int 

Unit moment at) 73° 1007 

@ = 73° 36°10 605.7 
Unit inward hori- 

zontal force at { 73‘ 11545 

@ = 73° 36°10 1554 
Unit moment at { 73° 792.4 

@ = 36°10’ 36°10 83405 
Unit outward hori- ; 

zontal force at | 73 1345 

@ = 36°10’ 36°10 S657 


*HLB = Horvay, Linkous, and Born 


tie foundation, Horvay, et al.* derived an approximate equation 
for short, thin, axisymmetrical shells under axisymmetrical edge 
loading. After some manipulation this equation can be solved in 
terms of exponential and trigonometric functions. For toroidal 
shells of constant thickness, the integral defined by equation (1) 
is also required in this method. The authors state that in using 
the method the angle @ should be such that 7/6 < @ < 57/6, and 


» ‘Modified Hankel Functions of Order One-Third,” 
Harvard Computation Laboratory, vol. IT, 1945. 


Annals of 
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for completely dependable results it should be within the range 
w/A< @ < 37/4 
surface r should vary slowly with distance along the shell surface 


The horizontal radius of the shell middle 
and h/r should be small. . The example considered in the next 
section satisfies all of these requirements, except that the lower 
value of @ is less than 7/4. It is, however, greater than 7/6 


Numerical Example 


The toroidal shell considered had the following geometric 
characteristics: 

b = 34.625 in a = 230 in h = 25 

d, = 73 @, = 36°10 


The bending loads considered in the problem were unit edge 
moments and unit horizontal forees applied to the lower and upper 
edges of the shell 

The results obtained by the three methods for the edge hori- 
zontal displacements 6 and edge rotations V are tabulated here- 


under. 


Discussion of Results 


From the results given in Table 1, and selecting the numerical 
integration results as the criterion of accuracy, the percentage 
It will be 
found that the maximum error in Clark’s method is slightly less 
than —4 per cent while that in the HLB is +15 per cent. The 
sign of the error is negative for all the coefficients in Clark’s 


errors of the approximate methods can be determined 


method, but errors of both signs occur in the HLB method. 

The method of Clark can thus be considered as being very 
good. The HLB method is certainly adequate for design pur- 
poses, especially as the 15 per cent error occurred at the lower 
angle of @ for which 7/6 < @ < 7/4. 

The HLB method is much faster than that of Clark in so far as 


the edge influence coefficient calculation is concerned. This is be- 


Edge influence coefficients obtained by the three methods 


E6 EV 


Num 

Clark HLB int Clark HLB 
990 965 - 134.2 132.5 —129 
680 —O685 —77 99 76.2 82.7 

11400 = —11530 1007 O87 O64 
1375 1600 830 1 S11 893 
776 853 73.95 72.6 79.0 
820 O19 138.7 137.6 160 
4180 390 664.0 46 655 
8530 8430 834.5 RIS 920 


footnote 5). 


cause no matrix inversion is necessary and little interpolation in 
tables is required. However, it should be remembered that the 
designer's problem does not end with the calculation of the edge 
influence He is with the 
distribution throughout the shell. He would therefore like to 
have available the influence coefficients for the stress resultants 
at a few points in the interior of the shell. When this factor is 
taken inte account, the HLB method loses much of its advantage 
over the Clark method. 


coefficients. also concerned stress 
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Effect of Magnetic Field on Forced 
Convection Heat Transfer in a 
Parallel Plate Channel 


By ROBERT SIEGEL,' CLEVELAND, OHIO 


Tue fully developed laminar flow of a conducting liquid be- 
tween two parallel plates under the influence of a transverse 
field Hartmann and 
Their analytical and experimental results are conveniently sum- 


magnetic has been studied by Lazarus.’ 


marized by Cowling.* It is shown in these references that the 
retarding force due to the fluid crossing the magnetic field lines 
causes the laminar velocity distribution to be more uniform across 
the channel, similar to that for turbulent flow without a magnetic 
field 
near the wall would be ¢ xpected to reduce the difference between 
The tem- 


perature distribution within the fluid is also influenced by an in- 


If heat is being transferred, the relatively higher velocities 
the wall temperature and the mean fluid temperature 


ternal heat source resulting from a current flow due to the fluid 
motion in the magnetic field It is the purpose ol the present 
paper to examine quantitatively the effect of a magnetic field on 
the fully de veloped convective heat transfer in a parallel plate 


channel for uniform wall heat flux 


Analysis 


Fluid flows 
the solid boundaries 


The configuration of the system is shown in Fig. 1 


with a velocity v in the z-direction \t 














Ho 


Fig. 1 Physical model and co-ordinate system 


z = +L) a uniform transverse magnetic field Hy and a uniform 


heat flux g are imposed. The energy equation for this situation 


can be written as 


Aeronautical Research Scientist, NACA Lewis Flight Propulsion 
Laboratory 


?J. Hartmann Selskal 


and F. Lazarus, Kgl. Danske Videnskab 
Vat.-fys. Medd. 15, nos. 6 and 7, 1937 
*T. G. Cowling, ““Magnetohydrodynamics,” 
lishers, Inc., New York, 1957, pp. 13-17. 
Manuscript received by ASME Applied 


February 10, 1958. 


Interscience Pub- 


Mechanics 


Division 


BRIEF NOTES 


115 
where @ is the thermal diffusivity, p the fluid density, c, the 
cific heat, Q the internal heat generation per unit volume, 
It has been assumed that fluid properties 


spe- 
and 
t the fluid temperature 
are constant and that viscous dissipation is negligible compared 
with transverse heat conduction 


The velocity v is given by Cowling as 
cosh (Mz/L)] 


cosh M 2/L 
sinh M | 


?is a parameter which is a measure of 
Mis 
the permeability, o the electrical conductivity, and v the kine- 
viscosity of the fluid 
Op/ or 
introducing the integrated mean fluid velocity V, 


PM 
p’oH,? 


where uH Lio vp 
the ratio of magnetic viscous force to ordinary viscous force 


mati The pressure gradient along the 


channel, P, can be eliminated during the analysis by 


P 
VW coth VU 
p’?oH,? 


The internal heat source is given by the electrical dissipation 
2/¢ j 


is the current density generated within the fluid. This 
OH ,/dz where H 
is the z component of the magnetic field within the fluid 


| 


and (5), 


where | 
current can be found from the relation 4aj = 
Using 
the results in Cowling we obtain 


P VW cosh (M2/L 
wu sinh M 


Equations (2), (3), (4), and use the 


li W“ 
definition for .W, Equation (1 


combine 
can be put in the form 


[M cosh M — M cosh (Mz/L)] at 


VW cosh M — sinh M or 


P?*L? | cosh (M2/L l . 
sinh M M 


pc 
The fully developed heat-transfer condition for a uniform wall 
heat flux and internal heat source independent of z is character- 
ized by the fact that the temperature profile is similar in shape for 
all x and the temperature values rise in a linear fashion in the 
longitudinal direction. Thus a solution can be assumed of the 
form 
t = Ar + G(z) 7 
A is the temperature gradient 0¢/dz (a constant), which in the 
fully developed situation is also equal to the gradient in mean 
temperature dt,,/Oz. If Equation (7) is inserted into Equation 
(6) a second-order ordinary differential equation for G is obtained 
This can be integrated twice subject to the boundary conditions 


z= 0 


= +L 


where the zero in the second condition is selected arbitrarily 
The result for G is 
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l z \}* l l 
EE ( ) cosh M = x cosh { Vez L (M? 
_ AVLEM 2 \L Me 2M? 


a M cosh M — sinh M 


ea 2 y cosh 2M 
2 L } 


A is found by considering the over-all heat balance for a 
differential length of channel, which gives 


s/ 9 
q + J dz 
ol ol,, Jo 7? 
{ = = = ~ 10a 
or or LV pe 
Inserting 7 from Equation (5) and integrating, we find 
Pay,* I sinh 2. | 
.7 E- inh? 5 ( v) 4 
Ps py (2M sinh*. 2 j 10 


LV pc, 
ible to determine 


the wall temperature when the mean temperature of the fluid ts 


It is usually of most practical interest to be 


known. To accomplish this we form the difference 
ol 
t («= Az - po tdz 11 
2L\ . pe 
The integral can be evaluated using vy from Equation (2) and ¢ 
from Equation (7) with G and A from Equations (9) and (106 
After considerable reart ingement we have 
qb RePr)*p 
or we se “Xiu 12 
} SL% 
Ww he re 
(- M 1) cos a cosh VW sinh 
PV = 
2(.M cosh M sinh 1)? 
lla 
and 
Vv Vv (° > ) VW 
} eoth 
. MW coth M —1 co 
‘ 1oOM VJ 5 
( ) cots V+ ( ) cot V 
iV 12 ) 2 
V WV coth WV cot WV 
coth' V7 4 (2 + ) 
; sinh? V sinh? VV 
Vl | 27 
2 sinh* MV sM V | “3 


Re is the Revnolds number, V2L/v, and Pr is the Prandtl! number, 
cvp/k 


The mean temperature at a particular z-position can be 
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— 2) cosh M 
Past i § l 


l 
cost 2M2/L 
ap'c,y M* ie sinh? M | H 


2 cosh (M2z/L 2 cosh MV l ( 2 ) 1} 
4 4 
M sinh M Ve sinh M 2 Lj 24 


obtained by integrating Equation (106) from the channel entrance 


to the location under consideration. After eliminating P with 


Equation (3), this vields 
> 


Zr oq tePr)*va Wi 
RePr )/ 1L% M coth M —- 1 


| (= 2M i) l t ” 
2M sinh? M 2 M2 if 


where f& is the mean temperature entering the channel. Equa- 


{ i, = 


most difficult to evaluate numerically 
and x(.V/ 


and (126) are 
when .V is small, so, for convenience, ®(.V 
plotted on Fig ” for M from 0 to 10 


We can compare the temperature difference, ¢ tens 


tions (lla 


have been 


with that 


7" 
ook, 


for heat transfer with no magnetie field, (¢ t.)apeo = IZ GL 


"| \4 


¢ 


by forming the ratio 


+} 


() because mm Is Instance 


This 


; 


ratio hus ho meaning when q¢ 


ro while remains finite due to the in- 


Vv Is Zt 


ternal heat generation resulting from Imposing the magnet field 


With q sufficiently large, the second term on the right side o 
Equation (14) will generally be small, especially in t ise of low 
Prandtl number liquid metals. In this case the ratio becomes ay 
proximately 35 ®(.17)/17, which gives, for example, a 20 per cent 
reduction in temperature difference for V 10 

an ~ 

46 La 

44 Fae “2 
ao v 

42 J 

4 4s 

38 

SX 

= i 4 5 6 8 
Mw 
Fig. 2 Functions needed to calculate ¢ t 
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Discussion 


Symmetrical Buckling of a Series 
of Uniformly Loaded Parallel Struts 
Supported by Spot Connections 
to a Long Thin Plate’ 


S. Sergev.* 
tribution to the 


This is an interesting paper and definitely a con- 
this 
First of all, the system 


art To one who mav use the results of 


paper, words of caution seem in order 
shown in Fig. 1 is not an integral panel but two separate systems 
The 


elastic 


he struts constitute one svstem and the 


plate another 


oaded members are the struts with the plate acting as an 


support 


Equation {1} of the paper implies lateral loading on the plate 


Chis precludes spot welding, riveting, or bolting the struts to the 


plate, because fastenings of this kind would introduce shear forces 


between struts and ind change the deflection characteristics 


f the plate inder sufficiently large compressive forces 


nay exhibit no lateral resistance to displacement, ie., the 


spring constant of the jate mav vanish Consequently, it 
} - ] 1 


would be more desirable to think of the spot connections as long 


links so that displacements of the struts in the -direction are 


independent of the 
Equation > viou d re 


E-quatior that 


With 


ft-hand side is zero 


tting 


relerence to 


thors state the lk 


when yu ns to be incorrect: anvway, wu should start 


is stated that ries between 7/2 and 


Mva 


critical load for a strut held 


the first 
imped at its mid-point It appears tha 


with the link connectors 


op consistent 


to Fig. 3, it follows that when & is large the 
strut is large compared to the rigidity of 
So that buckling load 


The 


istenings there are 


to obtain the 

l \ uM T 3 
leduction here is that no matter how many f 
1 plate, 
At the 


or vha 


verse 


vher is large, giving Kuler load 


etween strut the plate is relatively too flexible to re 


strain the strut other ¢ the pDiats 


t 
} 


ktreme, is very still com- 


Now 


must be considered, 


pared to is the same, / is sn the 


number of taster gs between strut ind p! ite 


ind for the lowest curve in Fig. 3, it appears fT is the con- 


and not 4.495 The 


triple-reverse curves fot 


servative value former implies double- 


reverse and the latter the strut axis 


The buckling load on the strut with w = 7 is about one half of 
15 


connection at mid-length of the strut 


the buckling load with uw = 4 Consequently, « ® should 
is such 


pp 


be used unless the 
that 


to the 


zero slope can be assured. Similar argument may 


other curves in Fig. 3 


C. J. Thorne® and H. J. Fletcher. 


and important 


This paper is interesting 
The conelusions about number of rivets or spot 
connections should be useful. The finite sine transform is not 
natural to the problem but the boundary conditions are natural 
to the 


finite-cosine transform as follows: 


J. L. Cuteliffe an Ss December 


ASMI 


Heaps, published in the 


of the Apptiep Mecuanics, TRANS 


issue 
Professor 0 iineering Mechanics, Department of Civil Engi- 
eering, University of Washington, Seattle, Wash 


Code 5071. U.S. Naval Ordnance Test Station, China Lake, Calif 


Write Equation [1] as 
Du 2 
ors Or*0y? 


teplace boundary condition (ii) by 


Or*u 
2R 


y =D 
ar 


Define the cosine transform 


Transforming the differential equation we obtain 
tR(y 
D 


Pa 2P 2a, 


Atte: 
») lf TW 


the inverse 


had used P,, = 


which is Equation 3 lor a 


solving 


series given by Equation 


nn 


transiormed equation wo 
9p 
27a 


This implies a, = Oif nis odd. Replacing rn by 2n gives the same 
result as be 

We wish to eall 
1/n 


twice 


lore 
ittention to the fa 


ordet 


region 


t that convergence ol 


will only allow differentiation term by term in the oper 


Following Stokes, as noted by the writers,' 


prope 
derivatives of 


illows determination of 
j 


ounaar 


aimerentiation 


rom values at the points, 1 they exist 


9 


imple, verifies Equation [3] from Equation [2 


Author’s Closure 


The 


omments 


like to thank Professo1 


that it 


authors would Sergev for his 


ind agree is important to examime critically 


the the neglect of shear the conn 


the 


efiect ot torees at 


cl = ie 


struts. The neglect of shear forces 


the 


tween the plat and 


does not necessarily preclud use of riveted or bolted cor 


nections since, if the shortening of the strut under the axial load is 


sufficiently small, then a bolt or rivet in a slightly larger hol 


vould provide a sliding connection that would not transmit 


shear. It would certainly be useful, however, to investigate th 
effect of shear forces upon the buekling load 


In the original paper the statement that the left-hand side of 
equation [21 


that the left-hand side of hq lator 21 


is zero when wp = 0 should be corrected to read 


has a value of 


vhen = 0 The subsequent conclusions are not affected \s 


noted by Professor Sergev, his statement that cannot exceed 


m7 does not apply if the connection at the mid-point of the strut is 
such as to insure a zero slope \s implied by the title of the 
paper, it was supposed throughout that only symmetrical buck 
ling could occur. The case of antisymmetrical buckling is perhaps 
of greater importance and could be considered in a similar mannet 

The Fletcher 
their interest in providing an alternative derivation of Equation 


> 
» 


authors are grateful to Drs. Thorne and for 


‘**Bending of Thin Rectangular Plates,’ 
Thorne, Proceedings of the Second U. 8 
plied Mechanics, June 14-18, 1954 


by H. J. Fletcher and ¢ J 


National Congress of Aj 
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Behavior of Cylinders With Initial 
Shell Deflection’ 


S. Kendrick.? The difference in the collapse pressures of in- 
ternally and externally framed cylinders of nominally identical 
scantlings has only been recognized in the past 3 years and this 
paper is, to the writer’s knowledge, the first one published in the 
open literature which draws attention to the fact and attempts an 
Several other possible explanations of this dif- 


explanation. 
These in- 


ference in strength have been suggested previously. 
clude, for example, the greater tendency to trip sideways of in- 
ternal frames and the enhanced importance of bending stresses 
due to out-of-circularity with internal frames. An assessment of 
the relative importance of these weaknesses is very difficult since 
little is really understood of the mechanism of plating collapse of 
ring-stiffened cylinders. Most workers in the field would proba- 
bly agree, however, that the initial accordion deflections due to 
welding, considered in this paper, are likely to be the main in- 
fluencing factor. 

While agreeing that these initial deflections are important on 
model scale, the writer cannot agree with the estimate of their im- 
portance given in this paper. A much more important phe- 
nomenon associated with axisymmetric weld distortion exists 
than the additional stresses under applied pressure. This is the 


initially stressed state which must exist to maintain the initial 


accordion deflection. 

The additional stresses evaluated in this paper are mainly due 
to the exaggeration or diminution of the initial accordion deflec- 
tion on applying pressure. This exaggeration in the case of an 
internally framed cylinder, of the dimensions chosen in the paper, 
is only about 15 per cent at the maximum pressure evaluated. It 
may be assumed, therefore, that the additional stresses evaluated 
by the authors are oniy about 15 per cent of the stresses set up 
by the welding producing the initial accordion deflection. The 
latter are by far the more important and at mid-bay are of the 
same sign as those evaluated in their paper. 

To make this point clearer, the writer has evaluated the 
stresses set up by rotating the plating at the frames through an 
angle sufficient to cause an accordion deflection, relative to the 
frames at mid-bay, equal to 0.1 times the plating thickness ¢. 
The angular rotation necessary for the numerical example of the 
paper was 0.024 radian, and the deflection at the frames and 
mid-bay relative to the undeformed surface were —0.0448¢ and 
0.0552t, respectively. The maximum circumferential stresses in 
the plating caused by this rotation are 32,200 psi and 24,100 psi 
at the frame and mid-bay, respectively. The maxi:num longi- 
tudinal stresses in the plating are 62,200 psi and 25,400 psi at the 
frame and mid-bay, respectively. The circumferential stress in 
the frame is 15,400 psi. 

These stresses are very much greater than those evaluated in 
the paper and illustrate the unimportance of the latter. Applying 
the Hencky-von Mises criterion at the outer surface mid-bay with 
these initial stresses included would lead to collapse pressures far 
lower than are observed experimentally. This is not surprising 
since collapse need not occur at the onset of yielding and collapse 
estimates based on elastic analysis are at best semiempirical. 

The initial stresses due to welding of the frames can be large on 
small-diameter cylinders, but usually even larger initial stresses 
are present due to cold-rolling the shell plating to the radius re- 
quired. In many cases the sum of the various initial stresses 

1 By M. E. Lunchick and R. D. Short, Jr., published in the Decem- 
ber, 1957, issue of the JournaL or APPLIED MEcHANICcs, TRANS. 
ASME, vol. 79, pp. 559-564. 

2 Naval Construction Research Establishment, St. Leonard's Hill, 
Dunfermline, Scotland. 
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which can be calculated is nearly equal to or even greater than the 
yield stress before any pressure is applied. There are good reasons 
for believing that these initial stresses, even when approaching 
vield-stress values, influence the collapse pressure by less than 20 
per cent probably due to their forming a self-equilibrating system 
One possible way of estimating their importance in plating col- 
lapse is to estimate their effect on the average circumferential 
stress in the plating. In the foregoing numerical example the meat 
initial circumferential stress in the plating is equal to '/2 of that iz 
the frame (since A/Lt = 0.5); i.e., 7700 psi. The pressure re- 
quired to produce this mean stress is 285 psi and it may be 
reasonable to assume that the collapse pressure is affected by this 
amount. This might be expected to be an underestimate of the 
effect on collapse pressure since the stresses at points farthest 
from the frames are appreciably higher than the mean stress, and 
the additional mean stress produced by the external pressure has 
been ignored. The collapse-pressure difference between in- 
ternally and externally framed models of these scantlings and this 
degree of weld distortion would be 570 psi on this assumption. 
This is much higher than would be expected in practice so that 
even using the mean stress in the plating seems to overestimat« 
the importance of initial stresses. 


L. B. Wilson.* The authors have presented a very interesting 
paper and the reason suggested for externally framed circular 
cylindrical shells collapsing in general at higher pressures than 
similar internally framed shells is most valuable. This question 
has long been a matter of speculation and has been attributed to 
the better circularity obtainable in externally framed shells. 

There are four points which the writer would like to raise in 
this discussion: 

1 The magnitude of the maximum initial accordion deflection 
measured by the authors is stated to be between '/; and '/1 of 
the plating thickness. These results could be misleading without 
further amplification of the size of the cylindrical shells on which 
these measurements were taken. Since these initial deflections 
are mainly due to welding they are more significant in small shells 
where the effect of welding is unavoidably more important. For 
example, in a submarine hull of typical scantlings the effect of the 
initial accordion deflection is probably insignificant, but it cannot 
be neglected in a '/,-scale or '/s-scale model. At the Naval Con- 
struction Research Establishment measurements on models indi- 
cate that the maximum initial accordion deflection is less than 
'/19 of the plating thickness for models of about 4'/.—5 ft diam and 
scantlings similar to the example quoted in this paper. However 
if smaller models of 2—3 ft diam were used, initial accordion de- 
flections of '/1 to '/s of the plating thickness are quite feasible. 
There is the additional point that in externally framed cylinders 
the welds are in tension and often tend to be made larger than in 
internally framed cylinders, and thus the initial accordion deflec- 
tion may well be greater in externally framed shells. 

2 An alternative method to that of Salerno and Pulos has 
been derived by the writer for solving the differential equation 
(Equation [7] of the paper). This method seems to have several 
advantages particularly when the initial accordion deflection is 
included. 

The notation of the paper will be used for the present method, 
but it is convenient to measure x from midway between two 
frames instead of at the frame. Two forms of the initial ac- 
cordion deflection are ¢onsidered : 


: 4? ) 
(a) ) - 
L2 


3 Scientific Officer, Naval Construction Research Establishment, 


Dunfermline, Scotland. 
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the parabolic shape taken by the authors, and 


The latter shape gives neat results for the deflections and 
stresses. 

The differential equation and boundary conditions which are 
used in the paper are also used in the present analysis. Assume 
the solution of the differential equation as a Fourier series, then 
from the boundary conditions the series must be an even function 
i.e., a cosine series only. The coefficients of this cosine series can 
be obtained by using the finite cosine transform together with the 
boundary conditions. The details will be omitted and only the 
solution given, which for the initial accordion deflection con- 


sidered in Equation [1], herewith, is 


T (= / 2 j ta 
7 7 4 4 : n‘ 
" cos (2narz/L 


Kn? + ¥Y 


cos (2narr/L ( 
Kn? + ¥ { 


The solution when the initial accordion deflection is given by 


Equation [2] is 


a 


t 


T (“ : ; 1)" cos (2nrx/L)t 
T , ‘ d n‘ — Kn? + ¥ f 


KA cos (242/L 
K+ 


where 


, A + bt) ( 4 ) 
DR? 27 


and wy is the deflection at the frame and is obtained by putting 


x = L/2 in Equations [3] and [4]. For most practical cases only 
a few terms in the cosine series need to be taken 
and strains calculated using Equation [3] agree with those given 
in the paper. However, there are small differences in the longi- 
tudinal stresses and strains when Equation [4] is used, owing to 
the difference in shape of the initial accordion deflections. 

3 The authors state that the initial accordion deflection will 
have more significance for those circular cylindrical shells which 
Such failure tends to occur in 
more closely framed cylinders; that is, when the lowest shell- 
buckling pressure (p,,) is more than about three times the pressure 
at which yielding would be initiated (p,). However, experimental 
evidence seems to show that the greatest differences between the 
collapse pressures of externally and internally framed cylinders 
occur in the range of p,,/p, of 1 to 2, and as this ratio increases the 
differences between the two types of framing decreases. 

4 Two possible practical methods are suggested to strengthen 
internally framed shells by removing the initial accordion de- 
flection. The first method is to weld on the outside of the plating 
at the frames; this will counterbalance the welding on the inside 
of the plating and tend to draw the cylinder back to its original 
The second method is to put a large internal pressure on 


The stresses 


fail in an axisymmetric manner. 


shape. 
the cylinder 


DISCUSSION 


Authors’ Closure 


It was gratifying to read the comments of Messrs. Kendrick and 
Wilson of our British counterpart laboratory, as the points raised 
were so much in tune with our own thinking. To answer Mr 
Kendrick first, we can say that we performed calculations for the 
collapse pressure ol several internally framed cylinders taking 
into account three factors: initial deflection, residual stresses 
accompanying this deflection, and the plastic reserve strength 
between the inception of yielding and final collapse. The results 
were considered beyond the scope of the present paper and will 
be presented at a later date. The procedure, based on an elastic- 
plastic analysis, for determining the plastic reserve strength will 
be published shortly in the Proceedings of the Third U 8S. National 
Congress of Applied Mechanics. 

We have an experimental program for studying residual 
stresses. We have tested two externally framed cylinders of 
identical geometry, one manufactured by machining the frames 
integral to the shell and then stress relieving, and the second 
fabricated by rolling flat plates to cylindrical form and welding 
frames to the shell. Collapse in both cases was by yielding, and 
the results indicated the welded cylinder to be slightly stronger 
than the stress-free machined cylinder. (In a similar study 
where failure was by shell buckling, the residual stresses were 
found to substantially lower the collapse pressure.) The influ- 
ence of initial deflection for an externally framed welded cylinder 
approaches that of the perfect cylinder as in reality the deflection 
varies over the cylinder so that values close to zero are present. 
Thus for this study the influences of initial deflection and the 
associated residual stresses were negligible. The rolling residual 
stresses were present, however, but had no detrimental influence, 
as Mr. Kendrick has mentioned. The results of this investiga- 
tion will be published soon as a David Taylor Model Basin report 

The authors must admit that the relative importance of initial 
deflection, as compared to the associated residual stresses, has yet 
to be established and ultimately will have to be resolved by a 
properly designed test program. We believe, however, that in 
many instances of internally framed cylinders the solution will 
not be complete unless the initial deflection is taken into account 
Before concluding the discussion on residual stresses we would 
like to make one comment. When taking into account the resid- 
ual stresses, only the circumferential membrane stresses should 
be used. The residual bending stresses, due to initial deflection, 
are self-equilibrating through the shell thickness and, like the 
rolling stresses, should not affect the collapse pressure. This fol- 
lows from the “lower bound theorerm’’ of limit design 

We wil! now comment on the four points raised by Mr. Wilson 
We agree on the first point and have noted in one of our sub- 
marine reports that the size of weld in prototype would be rela- 
tively smaller than for the model of the pressure hull; hence the 
reduction in strength due to initial deflection for the prototype 


would be less than for the model 
On Mr. Wilson’s second point, we can say that we obtained a 
solution with a shape of initial deflection as follows: 


._ 8% 
w; = Asin 


where the origin of z is at aframe. We did not assume the solu- 
tion of the differential equation as a Fourier series but solved the 
differential equation explicitly to obtain a solution in terms of 
trigonometric and hyperbolic functions. Like Mr. Wilson, we 
compared the strains at mid-bay with those obtained by the para- 
bolic form of initial deflection. Noting little difference, we pre- 
sented the solution based on the parabolic form, as it was simpler 

On the third point, we believe that certainly in the range 
P,/p, > 3 the initial accordion deflection is much more important 
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than shell out-of-roundness. In the range 1 < p,,/p, < 2 we have 
obtained evidence that shell buckling can occur prematurely for 
internally framed cylinders when buckling is in the plastic range. 
We found the buckle lobes to be triggered by yielding of the shell 
induced prematurely by an initial deflection. 

On the fourth point, the means cited for counteracting the 
detrimental influence of initial deflection have considerable merit 
Preliminary experiments have been performed at the Model 
Basin using high internal pressure to plastically deform a cylinder 
to give favorable outward initial deflections. Results have indi- 
cated appreciable increases in strength (above 10 per cent). 

In conclusion, we should like to add that a series of cylinders 
are now being tested, especially designed to study the influence 
of initial deflection. We expect to confirm the elastic deforma- 
tions given by the theory and prove conclusively the existence 
of a difference in strength between internally framed and ex- 


ternally framed welded cylinders 
Buckling of Rectangular Plates 
With Two Unsupported Edges 
C. J. Thorne.’ 


tion to this problem’ and most of those in the author’s previous 
The buckling condition was not graphed, but 


j 
l 


It seems desirable to call attention to the solu- 


paper referred to 
deflections and derivatives were plotted and special stability 
problems discussed in illustrative examples. This solution was 


for edge thrust and normal loads 


Author’s Closure 

The author wishes to thank Professor C. J. Thorne for calling 
attention to the paper’ in which, as it seems to him, the solution 
to this problem! and the solutions to problems considered in my 
previous papers were discussed 

After studying this paper,* however, I did not find the solutions 
to my problems nor could I derive them from the solutions con- 
This is because an unfortunate mistake has been 
The boundary condition 


sidered there. 
made in the basic boundary conditions. 
(8) on p. 4 is erroneous. The authors have used boundary con- 
ditions derived by Kirchhoff from energy considerations for a 
plate loaded by a lateral load only. If in addition to the lateral 
load there are forces acting in the middle plane of the plate, as in 
the paper,* the boundary condition (8) for unsupported edge 


should be written in the form: 


O8w( zr, b) Owls, b \ , Ow(.r, b 
cad y) : 
oy? Or? Oy dD oY 


V_, Ow(x, b 
Doe 


This boundary condition was first given in my degree thesis in 
1936 and later was used in several of my papers* " and in papers 
by other authors.'! Due to the error in the boundary condition 
(8) the solutions of cases III, V, and VI are wrong. Cases I, I, 
and IV, the solutions of which are correct, have no relation to my 
I could not expect Professor Thorne to have seen my 


problems. 
7 before the publication of his 


papers in Ukrainian and Russian‘ 
1952 paper.’ It is unfortunate, however, that he had not noted 
that the boundary condition for an unsupported edge as put for- 
ward in my papers in English*:’ is different from that given in his 
paper® before his contribution to this discussion had been made. 
1 By P. Shuleshko, published in the December, 1957, issue of the 
JOURNAL OF AppLieD Mecuanics, Trans. ASME, vol. 79, p. 537. 
2 Code 5071, U.S. Naval Ordnance Test Station, China Lake, Calif 
“Thin Plates Under Combined Loads, I,” by F. E. Maud and 
Cc. J. Thorne, Studies in Applied Mathematics, No. 7, University of 
Utah, April 18, 1952 
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The Effect of Lubricant Inertia in 
Journal-Bearing Lubrication’ 


thei 


offered 


B. Sternlicht.2. The authors are to be commended for 


contribution to this field. The following comments are 


1 Averaging of the inertia over the film thickness A(z) sug 
gested by Slezkin and Targ (reference 2 of the paper ) and used 
in this solution is not a very good assumption especially at hig! 
The method employ ed by Kahlert referent t 


eccentricity ratios 


4) would vield closer agreement between theory and practice 


It would be worth while if the authors would compare the tw 
results at high eccentricity ratio 

2 The authors state: With the 
reduces to the familiar Reynolds equatior 


let P» be the 


the corresponding 


tevnolds number set equa 
to zero, Equation 7 
which neglects inertia) as we would expect If we 
solution to this reduced equation and H, be 
value of H, we can write for the solution of Equation [7 
This point may be misleading to the reader, for when the Reyn- 
olds number is equal to zero, there is no velocity and we cannot 
generate hydrodynamic pressures. It would be worth while to 
clarify this statement. 

3 The Sommerfeld solution, Equation [14], yields the dis- 


When in- 


included, tl Is is no longer sO and thus the ec- 


placement to be perpendicular to the load direction 
ertia effects are 
centricity locus differs from the Sommerfeld solution Please 
comment on this point 

$ In 
laminar-flow conditions the effect of inertia on load-carrying 


However, the oil flow and temperature 


some of our recent work we found that under the 


capacity is negligible. 
distribution are affected significantly when inertia is considered. 
It would be worth while if the authors in the section, ‘Discussion 
and Conclusions,”’ would work out an example showing the load 
with and without inertia effects. No comparison of the flow can 
be made in this paper because the authors assume infinitely long 
bearing without side leakage 


Chou, and E. A. Saibel, published in the 


1 By J. F. Osterle, Y. T 
APPLIED MECHANICS, 


December, 1957, issue of the JouRNAL OF 
Trans. ASME, vol. 79, pp. 494-496. 
? Bearing Analysis Engineering Specialist, Bearing and Lubricant 


Center, General Electric Co., Schenectady, N. Y Mem. ASME 
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